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Abstract 
Shell structures find use in many fields of engineering, notably 
structural, mechanical, aerospace and nuclear-reactor disciplines. 
Axisymmetric shell structures are used as dome type of roofs, 
hyperbolic cooling towers, silos for storage of grain, oil and industrial 
chemicals and water tanks. Despite their thin walls, strength is derived 
due to the curvature. The generally high strength-to-weight ratio of the 
shell form, combined with its inherent stiffness, has formed the basis of 
this vast application. With the advent in computation technology, the 
finite element method and optimisation techniques, structural engineers 
have extremely versatile tools for the optimum design of such 
structures. 
Optimisation of shell structures can result not only in improved 
designs, but also in a large saving of material. The finite element method 
being a general numerical procedure that could be used to treat any shell 
problem to any desired degree of accuracy, requires several runs in 
order to obtain a complete picture of the effect of one parameter on 
the shell structure. This redesign I re-analysis cycle has been achieved 
via structural optimisation in the present research, and MSC/NASTRAN 
(a commercially available finite element code) has been used in this 
context for volume optimisation of axisymmetric shell structures under 
axisymmetric and non-axisymmetric loading conditions. 
ii 
The parametric study of different axisymmetric shell structures 
has revealed that the hyperbolic shape is the most economical solution of 
shells of revolution. To establish this, axisymmetric loading; self-weight 
and hydrostatic pressure, and non-axisymmetric loading; wind pressure 
and earthquake dynamic forces have been modelled on graphical pre and 
post processor (PATRAN) and analysis has been performed on two finite 
element codes (ABAQUS and NASTRAN), numerical model verification 
studies are performed, and optimum material volume required in the 
walls of cylindrical, conical, parabolic and hyperbolic forms of 
axisymmetric shell structures are evaluated and reviewed. Free 
vibration and transient earthquake analysis of hyperbolic shells have 
been performed once it was established that hyperbolic shape is the 
most economical under all possible loading conditions. Effect of 
important parameters of hyperbolic shell structures; shell wall thickness, 
height and curvature, have been evaluated and empirical relationships 
have been developed to estimate an approximate value of the lowest 
(first) natural frequency of vibration. 
The outcome of this thesis has been the generation of new 
research information on performance characteristics of axisymmetric 
shell structures that will facilitate improved designs of shells with 
better choice of shapes and enhanced levels of economy and 
performance. 
Key words; Axisymmetric shell structures, Finite element analysis, 
Volume Optimisation_ Free vibration_ Transient response. 
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CHAPTER 
ONE 
OVERVIEW 
1.1 INTRODUCTION 
Structural engineering has wide range of applications such as in the areas of 
bridge engineering, hydraulic engineering, earthquake engineering, traffic 
engineering, aerospace engineering etc. An analytical model of the structure is 
created for investigation prior to implementation in real life. The class of responses 
required defines the applicable analysis discipline to be used, while the accuracy of 
these responses is dependent on the quality of the analysis model and general 
knowledge of the true system. 
In structural engineering, the careful selection of structural configurations 
and materials, which are combined to produce the best design under the effects of 
all considerations such as static loads, structural dynamics, buckling phenomenon, 
safety requirements, fatigue, damage tolerance and cost, is the thrust of an 
optimisation problem. The interaction of the analysis phase with the optimum 
design has changed the orientation of a design engineer. In addition to stable and 
safe design of structure, the science of cost minimisation has created a revolution in 
industry. Analysis and design optimisation may be viewed as complementary, yet 
analysis is a mathematical idealisation of some physical system to obtain estimates 
of certain response quantities while an optimum model is an idealised system which 
gives the best possible solution under the given circumstances and in which 
changes might be made to improve its performance. This may be the reduction of 
the weight of a structure to the minimum possible value or the maximum 
fundamental frequency of vibration of the structure. 
Shell structures find applications in various disciplines of engineering. They 
are pleasing in appearance and economical due to the small thickness of the shell 
wall. Mostly, they are used as roof structures, fluid and solid retaining structures, 
cooling towers, pressure vessels, aerospace structures, etc. 
The geometry of the shell structure is unique and challenging due to 
curvature in its shape. This curvature is not only aesthetically attractive but also 
provides strength. A typical example is the case of an A4 paper supported at its 
shorter edges and unable to carry its own weight and thus having a large deflection. 
The response is altogether different if it is slightly arched upward, as now it can 
support the self-weight easily. 
Modern shell theories have been around for about 200 years. The plate 
(flat) structures served as an instinct for these theories, and in two centuries shell 
structures have gained much popularity leaving far behind the application of plate 
structures. Starting from Love-Kirchhoff assumptions, involving mathematicians to 
solve complex differential equations, getting surpassed by development of forms 
from straight-line generatrices, and finding vast application in major engineering 
disciplines with the advent of computation technology, shell application has always 
generated considerable interest amongst researchers. Flugge, Naghdi, Sanders, 
Koiter, Novozhilov are some of the most prominent persons who contributed to the 
development of shell theory (Billington, 1982; Zingoni, 1997). Despite the vast 
advances in shell theories (described in chapter 3), solutions to practical shell 
problems were limited and mostly approximate till the advent of computation 
technology and computer based procedures such as the finite element method. As 
an example, it has been virtually impossible to study seismic response of shells 
prior to this advent. In the last half of the 201h century, computer based numerical 
procedures have provided tools to enable any form of shell structure to be analysed 
under all possible loading conditions without developing prototype models. Finite 
element method is easily the most popular and versatile tool for such analysis. 
1.2 RATIONALE & OBJECTIVES 
Axisymmetric shell structures have been used in many applications with 
different shaped shells used for different purposes, but without regard to 
performance considerations. Common examples include the cylindrical and conical 
shapes for water tanks and hyperbolic shape for cooling towers. Evaluation of the 
efficiency of these axisymmetric shell structures with regard to performance and 
economy needs to be addressed. This thesis investigates the response of 
axisymmetric shells under various loading conditions and aims in evaluating 
performance characteristics with respect to shape which will facilitate improved 
designs. 
2 
Taller shells such as those used in cooling towers and in building structures 
could have longer periods of vibration and therefore be very susceptible to dynamic 
wind and seismic loads. This is evident from the collapse of such shells in 
Ferrybridge (Bosman et a/., 1998). This thesis will investigate both the free 
vibration and seismic response characteristics in order to address this important 
concern. 
The objectives of this research are; 
1. To study the effect of shape on performance of axisymmetric shell structures 
under axisymmetric and non-axisymmetric loading conditions. 
2. To determine an optimum shape for multi-use. 
3. To study the effect of parameters on the response of optimum shell shape. 
4. To investigate the dynamic characteristics of this optimum shell form. 
5. To develop a simple formula for predicting the fundamental frequency of the 
shell. 
6. To generate research information on performance characteristics which will 
facilitate improved design. 
1.3 PROCEDURE & METHODOLOGY 
In this research the finite element method has been extensively used, with 
various types of elements, to model and analyse the response of axisymmetric shell 
structures. Investigation is restricted to linear elastic analysis which is appropriate 
for fluid retaining shell structures. Static, free vibration and dynamic time history 
analyses have been carried out, where appropriate, to determine the shell 
performance and attain the thesis objectives. 
A numerical procedure coupling the finite element method and an 
optimisation routine is developed and applied to determine and compare 
performance characteristics with regards to economy and efficiency of different 
axisymmetric shell configurations (cylindrical, conical, hyperbolic and parabolic) 
under both axisymmetric and non-axisymmetric loading. Such a comparison will 
facilitate the determination of an "optimum shape" of these shell structures. 
3 
Once an optimum shape (economical and efficient) is established, a 
parametric study with variations in curvature, height and shell thickness is 
conducted under static and dynamic loading conditions to determine and assess the 
shell response with respect to: 
~ Period of vibration, 
~ Lateral deflection, 
~ Meridional (bending) stress 
~ Circumferential (hoop) stress. 
Forced vibration analysis (with known period of vibration as well as real 
earthquake loading) are performed on different forms of the optimum shaped shell 
structure, so as to assess the effect of period of excitation, earthquake type and 
shape parameter on the shell performance. 
Finally, an empirical formula is developed, using dimensional analysis, for 
predicting the fundamental frequency of vibration of the optimum shaped shell to 
facilitate design under dynamic loads. 
4 
AXISYMMETRIC SHELL STRUCTURES 
2.1 SHELL STRUCTURES 
CHAPTER 
TWO 
A shell is a continuum that is bounded by two curved surfaces separated by 
the thickness, which is small in comparison to its other dimensions. A shell structure 
is characterised by two principal radii of curvature, carrying load efficiently due to its 
curved configuration. Examples of shells in the morphology of nature are 
particularly abundant. Eggs, seashells, turtles, skulls, nuts, and the nests that 
certain birds build by instinct are all based on the shell behaviour (Melaragno, 1991 ). 
Shell structures are by nature complex, and the mathematics of an exact 
shell analysis may become quite formidable. In recent times, development of more 
exact theoretical expressions had not necessarily assisted in the solution of practical 
shell problems, since often the theoretical expressions can be solved only with great 
difficulty, and then only for special cases. The experimental approach is also limited 
because it is expensive and data are not available for every special case. Practical 
difficulties in both theory and experiment have led to the development and 
applications of numerical methods for the analysis of shells. While these methods 
are approximate and are valid only under specific conditions, they generally are very 
useful and give good accuracy for the analysis of practical engineering shell 
structures. The finite element method is easily, the most popular of such numerical 
techniques. 
A loaded element in a shell structure avoids some shortcomings of flat 
elements but introduce other challenges. The load is carried by a combination of 
membrane and bending actions. However, for specific shell shapes that find wide 
application in structural engineering, many of the unknowns (stresses or strains) are 
small and may be neglected (Winter & Nilson, 1979). 
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Sufficiently accurate analyses of shell structures can also be obtained using 
simplified versions of the general elasticity equations. A usual simplification often 
imposed on structural problems has been to formulate less restrictive theories based 
on distinctive geometric characteristics. The theory of beams is concerned with 
flexural members having one dimension characteristically far greater than the other 
two, the theory of plates treats flat structures having two dimensions far greater than 
the third, and the theory of shells deals with curved structures having one small 
dimension i.e. shell thickness. Consider the beam, arch, plate and shell behaviour 
as shown in figure 2-1. 
{a) BEAM 
(b} ARCH 
(c) PLAfE 
AJI faces and moments shoWn 
in Fig. (c} also ae actilQ. 
(d) SHELL 
Figure 2-1, Means of load resistance (Gould, 1977) 
The beam, being straight, depends on the shear force V to resist transverse loading 
while the arch, because it is curved, can develop an in-plane thrust N to resist the 
applied loading in addition to the shear force V. The beam may be classified as a 
one-dimensional flexural member and arch as one dimensional extensional member 
as the efficiency of the arch form lies primarily in resisting the loading with thrust N, 
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minimising shear force V and the moment M. The plate is a two dimensional flexural 
member, being flat, relies on the transverse shear force V to resist transverse 
loading in the same manner as a beam. The shell can develop thrusts N to form the 
primary resistance mechanism in addition to those forces and moments present in 
the plate as it is curved and termed as two-dimensional extensional member. 
Shell may be curved in one direction in the form of a cylinder, or doubly 
curved to form a dome or a saddle-shaped surface. Significant structures were 
erected utilising the efficient doubly curved shell forms long before the development 
of modern engineering analysis. Several of these dome type shell structures survive 
today. Notable historical examples include the pantheon of ancient Rome, built 
around two thousand years ago, and the Hagia Sophia in Istanbul, approximately 
fifteen centuries old, increased geometrical refinement is exhibited in the 
Renaissance cathedrals of Santa Maria del Fiore in Florence, constructed without 
shoring by Brunelleschi, and St. Peter's Basilica in Rome, designed by 
Michelangelo. More recent examples include St Paul's Cathedral in London, 
designed by Sir Christopher Wren, and built around 300 years ago; the Taj Mahal of 
India, built in the seventeenth century by the Moghul Emperor, Shah Jahan, and the 
world famous Sydney Opera House in Australia, a somewhat unusual example of a 
shell enclosure, being a complex assembly of 'sail-shaped' concrete shells (Gould, 
1977; Zingoni, 1997). 
Among recent applications, shell structures find use in many fields of 
engineering, notably structural, mechanical, aerospace and nuclear-reactor 
disciplines. Some common life examples are; a cylindrical chimney and 
hemispherical tank shown in figure 2-2, a doubly curved roof (figure 2-3), a 
cylindrical-conical water tank (figure 2-4), hyperbolic cooling tower (figure 2-5) and a 
planetarium (figure 2-6) which is also a hyperboloid of revolution. In industry, boilers, 
pressure vessels & associated piping are further examples of shell structures, as are 
the bodies of transportation structures such as motor vehicles, ships, aircraft, 
missiles and spacecraft. The generally high strength to weight ratio of the shell 
form, combined with its inherent stiffness has formed the basis of this vast 
application. 
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Figure 2-2. Cylindrical and spherical shell structures 
Figure 2-3. Hyperbolic paraboloid roof shell structure 
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Figure 2-4. Elevated water tower 
Figure 2-5 . Hyperbolic cooling tower 
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Figure 2-6. Hyperboloid of revolution, Planetarium (Gould, 1977) 
2.2 THIN SHELL STRUCTURES 
The behaviour of shell is considered on the basis of its middle surface, which 
is the locus of interior points equidistant (h /2) from the two bounding surfaces of the 
shell, as shown in figure 2-7. 
Figure 2-7. Typical parameters of a shell structure (Billington, 1982) 
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When the thickness (h) is considerably smaller than the principal radius of 
curvature (r) of the bounding surfaces, the shell is said to be thin. For practical 
purposes, 'thin-walled shell structures' have ratio of radius of curvature to wall 
thickness greater than ten, but the division into thin and thick shells is artificial and 
even in the so called 'thick shells', the thickness is much smaller than other 
dimensions, cr8 and cry are membrane stresses (defined as thrust N in figure 2-1), 
termed here as circumferential hoop and meridional bending stresses respectively, 
as shown in figure 2-7 (Billington, 1982; Zingoni, 1997). A wide variety of thin shell 
structures are encountered in engineering practice, two major geometrical classes 
being 'shells of translation' & 'shells of revolution', are discussed below; 
2.3 SHELLS OF TRANSLATION 
A shell of translation is generated by passing one plane curve over another 
(Gould, 1977). A popular use of the translational shell is to provide a roof without 
interior supports over a large plan area. Such shells are often supported only at a 
few points to provide an uninterrupted open space like a gymnasium. A typical 
example has been shown in figure 2-3, which is a hyperbolic-paraboloid shell of 
translation. 
2.4 SHELLS OF REVOLUTION 
A shell of revolution is generated by rotating a plane curve generator around 
an axis of rotation, usually vertical, to form a closed surface. In a surface of 
revolution, the lines of principal curvature are called meridians (normal sections 
formed by planes containing the axis of rotation) and parallel circles (normal 
sections traced by planes perpendicular to axis of rotation), as shown in figure 2-8. 
meridian' 
II 
axis of rotation 
generator 
'parallel circle 
Figure 2-8. 
Geometric view of a 
shell of revolution 
(Gould, 1977) 
A closed shell of revolution is frequently called a dome, and the peak of such a shell 
is termed the pole and these are used in roofing. Some geometric details of such 
shells are shown in figure 2-9 with the following nomenclature; 
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r 
Rq, 
Re 
= Angle between the axis of the shell and the shell normal at the 
point under consideration on the middle surface of the shell 
= 
= 
= 
= 
Angle between 'r' and any defined line s 
Radius of curvature of the parallel circle 
Radius of curvature of the meridian 
Length of normal between any point on the middle surface and 
the axis of rotation 
The following geometric relation is of fundamental importance: 
r = Resin$ (2-1) 
--. --;Jo-e-
Figure 2-9. A closed shell of revolution (Baker et al., 1972) 
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Shells of revolution find application in pressure vessels, storage tanks, roof 
domes and cooling towers. For these structures the principal loading conditions are 
mostly axisymmetric (such as self-weight and internal fluid pressure), so that every 
meridian of the shell of revolution deforms in the same manner, and there is no 
relative transverse shearing between adjacent portions of the shell when viewed in 
the plane of the parallel circle. Thus these structures are known as 'axisymmetric 
shell structures'. The axisymmetric shell structures requiring large uninterrupted 
space in vertical direction are very common in structural engineering. Three such 
examples have already been shown in figures 2-4 to 2-6 in which the structure could 
be as high as 200m due to the functional requirements. Their geometric view is 
shown in figure 2-8, and the nomenclature defined in figure 2-9, is equally 
applicable. 
The axisymmetric shell structures may be subjected to non-axisymmetric 
loading too, such as wind loading and lateral inertial forces arising from earthquake 
ground acceleration. Present study is focussed on axisymmetric and non-
axisymmetric (static & dynamic) loading response of axisymmetric shell structures. 
2.5 MEMBRANE THEORY 
A wide variety of shells with finite bending rigidity can be designed and 
constructed to resist external loading almost exclusively through membrane action. 
In membrane theory of shells, transverse shear and moments are neglected, and 
only in-plane stress resultants are considered. With respect to the geometry, a 
continuous surface is conducive to membrane action. The boundary conditions must 
be specified with respect to the membrane stress resultants, or the corresponding 
displacements, and must indicate either a constraint that will fully develop the force 
on the boundary, a release that will enable the shell to displace freely in the 
corresponding direction, or, possibly, a linear combination of both, as in the case of 
elastic support. Moreover the boundary should not provide constraints that would 
develop moments and transverse shears. This implies that the ideal boundary must, 
in some cases, permit rotations and transverse displacements while providing 
complete restraint in the plane of the shell (Gould, 1977). Moreover, Novozhilov 
(1959) has shown that full base fixity in axisymmetric shell structures is, 
theoretically, the only condition for the membrane stress to dominate. 
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However, even shells that don't meet all of these requirements entirely may 
be designed so that membrane action predominates throughout most of the 
continuum, except for the localised regions in which the required conditions are 
violated. In short, many shells exhibit basically membrane behaviour augmented by 
locally prominent bending action. Of course, this is not to say that all shells may be 
made to act primarily as membranes or that all bending effects are localised, but 
such behaviour is a desirable and often attainable result of good design and careful 
construction. The shells for which the membrane theory is applicable fall into two 
general classes: 
• absolutely flexible shells or true membranes, which by virtue of their thinness 
have a negligible bending stiffness; and, 
• shells with finite bending stiffnesses, which still develop relatively small 
bending stresses. 
Concerning the absolutely flexible shells, there is little question of the dominance of 
membrane action, provided that the principal stresses remained tensile. The 
presence of compressive stresses in this type of shell would likely cause buckling of 
the membrane. This is the stress state that exists, for example, in a balloon or a 
fabric /shade structure where the membrane has zero bending rigidity (Gould, 1977). 
2.5.1 External Loading 
The external loads consist of body forces that act on the element and 
surface forces that act on the upper and lower surfaces of the shell element, such as 
fluid or external wind pressure. All loadings under consideration at any point on the 
shell can be resolved into three orthogonal components in the 'x', 'y', and 'z' 
directions. The 'x' direction is parallel to the tangent to the meridian. The 'y' 
direction is parallel to the tangent to the parallel circle, and the 'z' direction is normal 
to the surface of the shell, as shown in figure 2-10. The self-weight 'p' (weight of 
shell per unit area- typical axisymmetric load case) can be resolved into load per 
unit area in the 'x', 'y', and 'z' directions in the following manner: 
Px = p sin$ Pz = P COS$ (2-2) 
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Figure 2-10. Loading components from self-weight 
2.5.2 Internal Stresses 
The external forces are resisted by internal forces, or stresses, which are in 
equilibrium with the external forces. It is convenient to investigate the stresses 
along a meridian and parallel, which are defined by the angles ~ and e. The internal 
forces consist of membrane forces, transverse shears, bending moments and 
twisting moments. 
The membrane forces Nq,, N8 , Nq,e, N8q, which act in the plane of the surface of the 
shell, are shown in figure 2-11, 
The transverse shear forces per unit length Oq, and Q8 are shown in figure 2-12, 
Bending moments Mq, and M8 per unit length and twisting moments Mq,e and M8q, per 
unit length are shown in figure 2-13. 
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Figure 2-11. Membrane forces 
.....__(Meridian 
Figure 2-12. Transverse shear forces 
Figure 2-13. Bending & twisting moments 
16 
The following nomenclature applies to figures 2-11 to 2-13; 
Nif>, Ne = Normal in-plane forces per unit length 
Nif>e, Neif> = in-plane shear forces per unit length 
01/>, Oe = Transverse shear forces 
Mif>, Me = Bending moments 
Mif>e, Meif> = Twisting moments 
2.5.3 Conditions of Equilibrium 
The governing equations of the shell element under external and internal 
loads arise by virtue of the demands of equilibrium and the compatibility of 
deformations and are in the form of partial differential equations. Any differential 
element in the loaded shell is stressed by the following 1 0 internal components 
(figures 2-11 to 2-13), which must be in equilibrium with the external loads. 
Due to the large number of internal stress resultants, the shell problem is statically 
indeterminate and its analysis is similar to that of a certain class of truss structures, 
which are physically many times internally statically indeterminate if shears and 
moments are considered at joints. But the problem is simplified by assuming all 
joints of the truss behaving as pins i.e. each member of the truss is stressed axially. 
Thus the induced end moments & shear forces, which are usually small, are 
assumed to be zero and the truss is analysed as an internally statically determinate 
structure. Similar assumptions if introduced in the shell equations, give: 
Consequently, only four unknowns remain: 
which are called the membrane forces. If a shell theory includes only the membrane 
forces in the analyses, it is called a membrane theory. 
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Figure 2-14 shows a differential element of shell whose area may be expressed as; 
4_ 
I 
' 
(2-3) 
Figure 2-14. Differential element of shell 
Figure 2-15 shows all forces in equilibrium, which may act, on a differential element 
in the membrane theory. The components of the external loading are designated by 
'X', 'Y', and 'Z', which act in the 'x', 'y', and 'z' directions, respectively, and are in 
units of force. The forces are shown on one end only. On the opposite end the 
forces will be differentially changed: 
N¢rdB a changes with reference to <P to N¢rdB+-(N¢rdB)d¢ 
a¢ 
N8 R¢d¢ changes with reference to e to 
a N8 R¢d¢ +- (N8R¢d¢)dB 
ae 
N8¢R¢d¢ changes with reference to e to 
a N8¢R¢d¢ + -(N8¢R¢d¢)dB 
ae 
N¢8 rdB 
a 
changes with reference to <P to N¢8 rdB + -(N¢8rdB)d¢ 
a¢ 
The loading components are 
(2-4) 
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Figure 2-15. Forces in a differential element 
Solving the equations of equilibrium, assuming conditions of membrane theory, the 
final system of equations (2-5 to 2-7) consist of two differential and one algebraic 
equations which can be used to find the membrane forces N¢, N0 , N¢0 {N¢0 =No¢} 
for any loading condition. 
(2-5) 
(2-6) 
(2-7) 
It should be noted that the stresses do not depend upon the stiffness properties of 
the material since three simultaneous equations have three unknowns i.e. the 
structure is statically determinate. 
2.6 BENDING THEORY 
The membrane theory is very useful for many practical cases. But the 
results are not always satisfactory because the membrane theory fails to predict 
accurate stresses whenever bending is involved. lnfact, membrane theory is 
preferred due to the complexity of the bending theory especially when localised 
effects are not of any interest. The classical solution of special case of an 
axisymmetric shell structure subjected to axisymmetric self-weight only is let 
discussed. This special (though very simple) case reflects large percentage of the 
19 
problems encountered in actual practice, justifying the usefulness of membrane 
theory in practical and more complicated problems. The membrane forces on a 
differential element taken from a loaded shell were earlier shown in figure 2-15. In 
addition to the forces indicated in figure 2-15, the transverse shear forces and 
moments as shown in figure 2-16 must be included in bending theory. 
Figure 2-16, Bending & shear loads 
Solving the equations of equilibrium, applying additional bending and shear load 
yield equations 2-8 to 2-10. 
(2-8) 
(2-9) 
(2-1 0) 
The system of equations can be easily observed to be statically indeterminate 
requiring elastic properties of the material as the three equations have five (N¢, Ne, 
0¢, M¢, Me) unknowns (Baker et al., 1972). More general bending theories are 
available in many other references [Novozhilov, 1959; Naghdi, 1972; Billington, 
1982], but most solutions to these non-axisymmetric shell equations are statically 
indeterminate. 
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2. 7 CONCLUSION 
From the above discussion, it is concluded that the bending components introduce 
extra unknowns, and in reality these unknowns (stresses or strains) are so small 
that if neglected do not have significant effect on the overall output of internal 
stresses (Winter & Nilson, 1979). Thus membrane stress resultants (circumferential 
hoop and meridional bending) have been considered throughout this thesis for 
analysis and design purposes. 
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LITERATURE REVIEW 
CHAPTER 
THREE 
3.1 SHELL THEORY- HISTORICAL DEVELOPMENT 
A shell as defined earlier is 'a three-dimensional structure bounded primarily 
by two arbitrarily curved surfaces a relatively small distance apart'. Being a three-
dimensional body any shell could, in principle be treated using the general theory of 
elasticity. However, owing to the complexities of such an approach, the shell is 
almost invariably regarded as a two-dimensional entity characterised by the co-
ordinates of the middle surface. Consequently, shell theories have mostly been 
derived independently of the three-dimensional theory of elasticity. An investigation 
of the general theory of shells, based on the Kirchhoff hypothesis concerning the 
deformation of plates, was first attempted by Aron in 187 4. Love, in 1888, derived 
the basic equations that govern the behaviour of thin elastic shells based on the 
following assumptions referred to as Love - Kirchhoff assumptions; 
•!• The shell thickness is negligibly small in comparison with the least radius of 
curvature of the shell middle surface. 
•!• Strains and displacements that arise within the shell are small. 
•!• Straight lines that are normal to the middle surface prior to deformation 
remain straight and normal to the middle surface during deformation, and 
experience no change in length. 
•!• The direct stress acting in the direction normal to the shell middle surface is 
negligible. 
The differential equations of the theory of elastic thin shells as given by Love were 
not in the form suitable for the practical analysis of shells. Paying attention to the 
complexity of these differential equations, one of the most suitable methods 
proposed to simplify the equations was of that of complex transformation, by 
Novozhilov in 1962, even though this has not proved that simple to use. 
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Some mathematical refinement of the formulation was proposed by Naghdi 
in 1963 and in 1967 Sanders achieved a comparatively simple approach to complex 
transformation, but Koiter pointed out certain shortcomings in Sanders' approach. 
Simmonds in 1970 further simplified the set of equilibrium, compatibility and 
constitutive relations developed through the Sanders-Koiter approximations. 
However, specialisation to shells possessing axial symmetry (i.e. shells of 
revolution) and furthermore, loaded symmetrically with respect to their axis of 
symmetry rendered these equations more amenable to reduction to such forms for 
which acceptable solutions could be found. 
In his publication of 1934, Flugge was the first to present the theory of the 
cylindrical shell in rigorous and concise form. Though, Geckeler in 1926, had 
already proposed a good approximation for thin shells of revolution that happened to 
be exact for circular-cylindrical shells under axisymmetric edge loads, identical in 
form to the well-known differential equation of bending of a straight beam lying on a 
Winkler-type elastic medium. Geckeler's basic idea was to separate the analysis 
into two parts: in the first, the shell stresses are found entirely from equilibrium 
equations (the membrane theory); in the second, bending stresses are studied only 
in those parts of the shell that are near the discontinuities, i.e. usually at edges. 
Geckeler simplified the mathematics to such an extent that the procedure developed 
for cylindrical shells could be used for domes. 
Geckeler's work was taken up by Dischinger who gave an extended 
discussion of membrane theory solutions for wind loadings and gravity loadings for 
various types of domes such as spherical, conical, elliptical and cycloidal ones. But 
Dischinger recognised that roofs with circular plans were rare and that the much 
broader application required adaptation of new ideas to shells covering rectangular 
spaces. This meant shells of single curvature i.e. barrel shells. The success of 
those early barrels was due in large measure to Finsterwalder who developed a 
method of analysis to find shell stresses looking the problem much as Geckeler had 
seen the dome - in two steps: first membrane and then bending. The true shell 
behaviour found to be a combination of results from the two steps, within linear 
elastic range. Around the same time, Scharer went further in considering barrel-roof 
type cylindrical shells, and Donnell developed a theory that was more simplified than 
the theories of Flugge and Dischinger, but more general than those of Finsterwalder 
and Scharer (Billington, 1982; Zingoni, 1997). 
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Following domes and barrels, the next thin shell form to engage the 
profession was the hyperbolic paraboloid that began with the recognition of those 
special geometric properties, which make the surface easy to analyse and 
aesthetically pleasing. Ferdinand Aimond gave the earliest presentation of this 
geometry for roof shells. But the major impetus to such design came from Felix 
Candela (1955), who mainly emphasised on the simplicity of calculation with a 
recognition of the unlimited potential for form (Billington, 1982). One such example 
of free forms of hyperbolic shell of revolution is shown in figure 3-1. 
Figure 3-1. Free forms attained by cutting off pieces of a hyperboloid of revolution 
(Melaragno, 1991) 
Medwadowski (1978) describes the evolution of shell structures, from the historical 
trial and error approach up to the modern era with availability of analytical and 
computer oriented procedures. He comes to the conclusion that 'structural 
mechanics is not a leader in the development of form, it is follower. Conversely, the 
development of the theories of shells was spurred by the practical problems of the 
forms important in practical application' (Ramm & Mehlhorn, 1991 ). 
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Despite the development and refinement of shell theories over a long period 
of time, their solutions to practical shell structures remained approximate and 
complicated or impossible. This problem was overcome only with the advent of fast 
speed computers and numerical techniques such as the finite element method 
which provided engineers with powerful tools to explore the response characteristics 
of shells under all possible loadings, study effects of shape and optimise designs. 
This thesis will pursue and highlight some such work. Moreover, a finite element 
formulation has proved to be less sensitive to the selection of various input 
parameters that affect the stability and accuracy of the analysis. Presently, it is 
believed that the finite element approach is well established for the analysis of shell 
structures (Gould, 1985). 
3.2 FINITE ELEMENT ANALYSIS 
The finite element method is a general numerical procedure that can be used 
to treat any shell problem to any desired degree of accuracy. Basically, one needs 
to understand the response of the individual elements making up a structure (rather 
than the response of the whole structure). Then to assemble such elements by 
enforcing compatibility of displacements between elements at their common nodes, 
and equilibrium of forces and moments at all nodes, as well as constraint conditions 
at the boundary nodes of the structure. 
Chapelle and Bathe (1998) have explained fundamental theoretical 
considerations in the structural analysis of shells for the development of improved 
general finite element analysis procedures. According to their investigation the 
behaviour of shell structure can be somewhat unpredictable in that apparently small 
changes of geometry or support conditions can result into a totally different 
response. Thus a thorough understanding of the shell response and verification of 
the finite element model is essential. Novozhilov (1959), as discussed earlier, has 
shown that full base fixity is, theoretically, the only condition for the membrane 
stress to dominate (Abu-Sitta & Davenport, 1970). 
The earliest finite elements developed for rotational shells used conical 
frusta to represent the actual shell. However modelling discontinuities in slope and 
curvature were introduced into doubly curved shells and it was found that spurious 
bending moments would be produced in regions where only membrane forces 
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should exist. Improvements were obtained by the development of curved elements 
with the slopes matching those of the actual shell at the nodal circles, while 
discontinuities of curvature were still disregarded (Zienkiewicz, 1967; Gould, 1985). 
Mang et a/. (1983) employed such doubly curved triangular thin shell layered finite 
element model for ultimate load analysis of axisymmetric shell structures. 
Finite element method (FEM) of analysis is an approximate technique, and it 
is always desirable for FEM to minimise the error while keeping the required 
computation to a reasonable level within optimum cost and storage space. This 
could be achieved either by using higher order interpolation functions for finite 
elements (p-refinement) or by increasing the mesh density (h-refinement) or r-
refinement where a fixed number of mesh points are redistributed over the 
computational domain (Jimack, 1997; Nathan et a!., 2000). The p-refinement 
appears to be the simpler of two methods for the use of a finite element computer 
package, but in practice commercial programs only offer linear and quadratic (and 
occasionally cubic) elements, so that the opportunity for p-refinement is limited 
(Fagan, 1992), as can be seen from the review of literature with some selected 
examples shown in next paragraph. 
Milford and Schnobrich (1983) adopted nine-node degenerated Lagrangian 
shell elements using explicit integration through the shell thickness, Gupta and 
Maestrini (1986) used a four-node isoparametric curved shell element in their non-
linear finite element study of axisymmetric shell structures, and Tan (1998) used 
multi-level substructuring technique for analysing the free vibration of shells of 
revolution. It has been observed that by increasing the element order from linear to 
quadratic leads to a significant increase in the computer time needed to analyse the 
structure. On the other hand, it is now well established that an increase in the mesh 
density induces the approximate solution provided by the processor to converge to 
the exact solution in a comparatively less time. To ensure convergence; 
• The displacement should be continuous through elements and across element 
boundaries, 
• The stresses approach a constant value, as the element size decreases. 
Chowdhury and Kostem (1991) have examined, in this regard, the sensitivity of 
certain errors to the geometry of shells with an effect of mesh fineness. 
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Numerous type of other examples are available in the literature that support 
the rapid rate of development of finite elements in the last few decades and its 
undoubted application especially in the analysis of shell structures. While 
considering the loading system on the finite element model, researchers do have 
considered the complicated effects of wind pressure and earthquake action. These 
non-axisymmetric loading systems have usually been represented by Fourier series' 
in the circumferential variable, the constants of which are calculated from the strain-
displacement and stress-strain relationships (Gould, 1985). Figure 3-2 shows the 
non-axisymmetric wind pressure distribution along the circumference of 
axisymmetric shell structure (ACI-ASCE, 1977). The Australian Standards (1989) 
as defined and shown in figure 3-3 provide information on the wind pressure 
coefficients along the circumference of an axisymmetric structure, have been 
considered in this research. 
windward 
meridian 
---.... -(8=0·) 
pressure 
positive 
Figure 3-2. Wind distribution along circumference of axisymmetric shell structure 
Analysis of shell structures for non-axisymmetric response requires three 
dimensional finite element modelling. For such comprehensive shell analysis, 
curved shell elements have been mostly used, but solid brick elements can also be 
employed in all such three-dimensional problems of shell structures. However, 
axisymmetric shell structures under axisymmetric loads (such as self-weight and 
internal fluid pressure) can be conveniently analysed by using axisymmetric finite 
elements (Jurkiewiez et a/., 1999). Some typical elements supported by computer 
aided finite element analysis packages will be briefly discussed in chapter 4. 
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Figure 3-3. External wind pressure coefficients on walls of axisymmetric shells 
(Australian Standards) 
Moy (1986) has shown that the semi-analytical method using axisymmetric 
elements is computationally more economical than using general curved shell 
elements for linear analysis. Relatively few elements are required and thus only a 
small number of simultaneous equations have to be solved. In this connection, 
Gould (1998) has developed a local-global finite element model suitable for the 
analysis of column supported shells of revolution. The model combines, in a single 
analysis, axisymmetric shell elements, general shell elements, and column 
elements. Earlier Davies and Cheung (1968) presented a finite element solution for 
the determination of membrane stresses, considering a segment of an axisymmetric 
shell structure in the form of a deep circular ring beam supported on columns and 
loaded with a uniform tangential load. Moreover Thambiratnam et a/. (1988a; 
1988b) used FEM to show that the fundamental natural frequency of axisymmetric 
shell structure keeps on increasing with increase in first natural frequency of 
axisymmetric mode. Thus finite element analysis in axisymmetric mode can be 
useful in representing the full three-dimensional shell analysis under certain 
limitations and understanding of the response. 
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It has been observed from the above discussion that the choice of finite 
element types, representation of boundary conditions, loads, and definition of the 
finite element mesh all play critical roles in determining how well the numerical 
model is able to predict the responses of the physical structure. It is interesting to 
think of the fundamental feature of an optimum solution to ensure that the structures 
not only fulfil their purpose, but are also economical to construct. This may be the 
reduction of weight to the minimum possible value or the maximum fundamental 
frequency of vibration, etc. 
3.3 STRUCTURAL OPTIMISATION 
Structural optimisation has been a topic of interest for over 100 years, 
beginning with the early works of Maxwell and Michell. In 1960, Schmit was the first 
to offer a comprehensive statement of the use of mathematical programming 
techniques to solve the non-linear, inequality constrained problem of designing 
elastic structures under a multiplicity of loading conditions. He combined numerical 
optimisation with finite element analysis. By early 1960's, it was recognised that 
gradient based optimisation methods were most efficient for solution of the 
optimisation task, but requiring about 100 finite element analyses. Up to this time, 
optimisation was viewed as a simple coupling with finite element analysis. Then 
emerged the idea of approximation technique in 1974 by Schmit & Farshi. Using 
approximations it is not necessary to approximate all response quantities considered 
in the optimisation process, but need to approximate those constraints that are 
critical or near critical for that particular step in the optimisation process. This is 
referred to as constraint screening or constraint deletion. During 1980's and 
continuing today, second generation approximation techniques began to evolve. 
The key concept here is to use the best approximation for a particular response and 
experience has shown that these second-generation approximation techniques are 
often more efficient than previous methods and are almost always reliable. Using 
current methods, design problems in excess of 2000 variables have been solved 
(Vanderplaats, 1984; 1987; 1999). 
Beginning in the mid-1980's, optimisation has been added to virtually all 
major commercial finite element analysis programs. Some use very simple, pre-
197 4 methods, while others make full use of second-generation approximation 
techniques. A key development in making structural optimisation a commercial 
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reality was the addition of design sensitivity calculations to MSC /NASTRAN by the 
MacNeai-Schwendler Corporation in 1984 providing an opportunity to couple a finite 
element code with optimisation. Later optimisation routines were added into the 
original codes (Currie, 1988; Daniel and Spearritt, 1990). MSC/NASTRAN ver 70.5, 
carrying such capabilities, has been extensively used in this research project. 
3.3.1 Optimisation of Shell Structures 
Optimisation of shell structures poses problems, as the governing differential 
equations and corresponding boundary conditions are complicated. Considering a 
simple example for cylindrical shell of constant wall thickness, though Timoshenko 
(1959) has given approximate analytical solutions, but these are not feasible for 
applying optimisation techniques. Ramm & Mehlhorn (1991) have discussed 
different form-finding methods for the optimum shape of free form shells. Earlier, an 
approach to shape optimisation of shells integrating the methods of mathematical 
programming and finite element analysis technique was presented by Ramm et a/. 
(1990) and Bletzinger eta/. (1990). Kodiyalam eta/. (1991) & Gates eta/. (1993, 
1993a) have developed finite element based shape optimisation programs for three 
dimensional shell structures. These programs perform shape optimisation by linking 
together adaptive mesh generation, substructuring and optimisation algorithms with 
MSC /NASTRAN. Gotsis (1994) has done quality work on optimisation of thin shell 
structures subjected to stress and displacement constraints. Ringertz (1995) has 
presented an algorithm for optimal design of non-linear shell structures. The 
algorithm uses numerical optimisation techniques and non-linear finite element 
analysis to find a minimum weight structure subjected to equilibrium conditions, 
stability constraints and displacement constraints. 
Axisymmetric Shell Structures 
Problems pertaining to axisymmetric shell structures have been addressed 
by Thevendran and Thambiratnam (1986a; 1986b; 1987; 1988) on the optimal 
design of cylindrical & conical tanks using computer aided finite element analysis 
package and optimisation subroutine. They did employ a numerical approach based 
on Runge-Kutta method considering an automated method for finding the greatest 
or least value of a function (Rosenbrock, 1960). Beam on elastic foundation (BEF) 
analogy for the optimal design of cylindrical and hyperbolic shells of revolutions 
have been considered too (Tan eta/., 1993; Thambiratnam, 1992; 1993), in which 
the cylindrical shell wall has been modelled as consisting of linear piecewise slopes, 
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a realistic approach from construction point of view. The BEF method coupled with 
direct search optimisation routines has been found effective and fast in this study, 
but restricted to axisymmetric loading conditions only. The thesis by Thong (1985) 
studied the volume optimisation of axisymmetric cylindrical shell structures under 
self-weight and water pressure, with the use of numerical procedure in conjunction 
with the finite element method. The constraints are allowable hoop and bending 
stresses. A significant amount of trial and error procedure is required to determine 
the weighting factor for achieving convergence in 'Penalty Function Technique', 
used therein causing numerical instabilities. 
Marcelin and Trompette (1988) investigated the optimal shape design of thin 
axisymmetric shells considering the shape optimisation of a drop of water, then 
extending their study to the optimum shape of a bottle and finally that of a shoulder 
fillet in a stepped shell. Complex mathematical formulation is observed in their 
work. Imam (1998) has recently worked on shape optimisation for the umbrella-
shaped axisymmetric shell of variable thickness with the self-weight as the dominant 
load while considering the efficient structures required in deserts. The design 
criterion involved constraint limitation on the principal stresses at the critical points 
and evaluation of uniaxial compressive strength. Using similar approach, Nasir et 
at. (1998, 1999) and Ward et at. (1999), in the present research, have investigated 
the effect of variation in wall thickness and shape of axisymmetric shell structures 
using finite element method, discussing volume optimisation using spreadsheets, 
considering constraint limitations of maximum lateral deflection and maximum 
tensile stresses in the reinforced concrete. These studies provide certain basic but 
important information on numerical procedures for shape and volume optimisation 
with an understanding of the coupling of finite element analysis with optimisation 
routines. 
The investigations by Gould (1977) provide interesting results for shape 
optimisation of axisymmetric shell structures under axisymmetric loading of self-
weight. This investigation has not only been verified but extended to axisymmetric 
hydrostatic and non-axisymmetric wind loading, during the present project (Nasir et 
al.,2000a; 2000b). 
Gould (1977) considered geometric details of a hyperbolic curve generator, which is 
a negative Gaussian curvature, as shown in figure 3-4. 
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Figure 3-4. Hyperbolic shell of revolution -geometry (Gould, 1977) 
The equation of the generating curve is 
(3-1) 
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where 
r = Horizontal axis i.e. radius of curvature of the parallel circle 
Z = Vertical axis i.e. along the height of hyperbola with zero 
height at level 0. 
a = Throat radius 
and 'b' is the characteristic dimension of the shell that may be evaluated by 
substituting the base co-ordinates (s, S) or the top co-ordinates (t, T) into equation 
(3-1) above, as shown in following equation (3-2); 
b = aT aS ----r===== /( t 2 _ a 2 ) /( 2 2 ) 
-v -vs -a 
(3-2) 
The ratio a /b is the slope of the asymptote to the generating hyperbola, as can be 
seen in figure 3-4. The shape parameter 
C7 k=~\)+11) (3-3) 
may be viewed as an indicator of the deviation of the profile from the degenerate 
case of the cylinder (k = 1 ), with a larger k corresponding to a more pronounced 
curvature of the meridian. 
Deriving expressions for the principal radii of curvature in terms of the curvilinear 
coordinate ¢, defined in the following equations; 
(3-4) 
(3-5) 
(3-6) 
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Values of ¢ in the first and second quadrant correspond to the lower and upper 
portions of the shell respectively, as defined in figure 3-4. 
Defining a non-dimensional meridional co-ordinate <I> (equation 3-7) and variation of 
non-dimensional meridional stress n ¢ (equation 3-8) for different values of shape 
parameter k2 (equation 3-3), figure 3-5 shows the meridional stress response along 
the height of axisymmetric shell structure when the shape deviates from cylinder {k2 
= 1.05) to a hyperbola {k2 = 1.50). 
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Figure 3-5. Meridional stress variation along the height of axisymmetric shell structure with 
change of meridian curvature (Gould, 1977; redrawn Nasir et al., 2000a) 
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Following nomenclature applies to the equations (3-7 & 3-8); 
= 
= 
p = 
= 
Meridional angle at the top 
Meridional angle at the base 
Self-weight of the shell structure 
Meridional stress 
From the figure 3-5, it has been observed and thus concluded that the self-weight 
(typical axisymmetric load) meridional stresses reduce with increase in curvature i.e. 
as the axisymmetric shape deviates from the cylindrical shape to a hyperbolic form, 
there is a decrease in the induced stresses. 
Cooling towers are most common and widely used example of hyperbolic 
axisymmetric shell structures. Reinschmidt and Narayanan (1975) have discussed 
the optimum shape of cooling towers considering the shapes generated by the use 
of polynomial function in contrast to pure hyperbola as addressed by Gould (1969) 
with a conclusion that a hyperbolic form is more attractive than a polynomial shape. 
In short, it has been observed that hyperbolic shells of revolution are 
economical and aesthetically pleasing solution of axisymmetric shell structures. The 
discussion in succeeding paragraphs review the form, design and application of 
hyperbolic cooling towers in order to consider the nature of investigations being 
conducted on such shapes with an aim to evaluate performance characteristics of 
axisymmetric shell structures for multi-use. 
3.4 HYPERBOLIC COOLING TOWER 
Several different shapes have been used for the structural shell of the 
cooling tower. Cylindrical towers have been constructed, and many towers have 
been composed of a frustum of a cone surmounted by a section of a torus, with 
another flaring conical section at the top. Some of them could be using mechanical 
draught mechanism, but most of them are natural draught type, in which a chimney 
generates the flow of air necessary to cool the water. These types have been 
universally superseded by the hyperbolic tower due to its functional requirement of 
natural draught action (Reinscmidt and Narayanan, 1975; Ramm and Mehlhorn, 
1991 ). 
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Evaporative cooling methods can be traced back to ancient times. During 
these times there was a plentiful supply of water and the heated waste-water could 
be discharged into large bodies of water, such as lakes, to cool. Where possible, 
topographical considerations were taken into account in plant site selection and 
large ponds or canals were employed to hold, cool and recirculate or discharge 
processed water. This process required a large area of land and as land became 
more expensive, the amount of land required was reduced by introducing holding 
ponds into the cooling processes. These ponds were shallow and provided a large 
amount of water with contact to atmosphere, therefore increasing the rate at which 
cooling could be achieved. The first cooling towers to develop from holding ponds 
were cylindrical in shape and used spray jets to provide the heated wastewater 
contact with the cool air. The air movement is dependent on atmospheric conditions 
and the aspirating effect of the spray nozzles. 
Natural draught cooling towers had evolved from spray ponds. The earliest 
design consisted of a small water spray pond, surrounded by inward sloping louvers. 
The suspended water droplets collide with the louver slats, because of the change in 
air direction within the tower and the water then deposits into the basin below the 
tower. The design had improved through the development of low-pressure water 
sprays at the top of the fill. The air enters the fill horizontally and discharged 
vertically. This upward movement of air tends to slow the downward velocity of the 
water droplets, thus increasing the effective contact surface area of the wastewater. 
The fill materials are staggered so that the wastewater droplets fall through a short 
distance of only a few meters before striking the next fill surface. Natural draught 
cooling towers rely on a chimney or stack to induce air movement through the tower 
and fill material, thus hyperbolic shapes are best suited (Cheremisinoff, 1983). 
The first shell cooling tower with double curvature made of reinforced 
concrete goes back to 1914 (Heerlen, The Netherlands). It had a height of 35m. In 
the early1960s, the 1OOm limit was surpassed (Ferrybridge, UK; lbbenburen, 
Germany). Ten years later, 150m height became possible (Trojan Tower, USA) and 
today, towers 200m in height are being designed (Niemann, 1998). 
Much research into the behaviour of hyperbolic cooling towers has been 
carried out since the development of the finite element method. Areas of interest 
during the last decade have included linear & non-linear analysis, structural stability, 
shape optimisation, durability, effect of geometric imperfections & cut-outs, 
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construction material & techniques, foundation settlement and idealisation of the 
supporting members at the base. The response has been studied under typical 
loading of self-weight, wind pressure, thermal gradient and earthquake sway. 
(Gopalkrishnan et a!., 1993a; 1993b; Bosak & Flag a, 1996; Niemann & Kopper, 
1998; Zahlten & Borri, 1998; Wittek & Meiswinkel, 1998; Eckstein & Nunier, 1998; 
Kratzig et a/., 1998; Choi & Noh, 2000; Waszczyszyn eta/., 2000; Baillis eta/., 2000; 
Orlando, 2001 ). 
In 1965 in the UK, three of the eight cooling towers at the Ferrybridge power 
station collapsed. The collapse was attributed to insufficient vertical reinforcement 
to resist uplift forces and wind induced vibrations (Bosman eta!., 1998). Thus the 
understanding of their structural behaviour under static and dynamic loads is of 
equal importance. In addition to the possibility of elastic failure of a structure if 
dynamic forces are neglected, long-term repetition of dynamic stresses, whose 
magnitude would be considered to be safe from static consideration, may lead to 
cumulative fatigue failures under dynamic conditions. 
3.4.1 Static and Dynamic Response 
Dynamic loads of interest include wind loads and seismic actions that are 
time dependent and asymmetric. The wind pressure distribution considered by Lee 
& Gould (1967) is that obtained by Rish and Steel (1959) in wind tunnel tests, and 
solution is obtained by means of an approximate integration of the governing 
differential equations. It was found that the bending moments associated with the 
membrane displacements were small. Furthermore, the in-plane stress resultants 
obtained by means of membrane and bending analyses were practically identical 
over most of the shell excepting the vicinity of the support. Sollenberger et a/. 
(1980) aimed in the establishment of the level and distribution of design dynamic 
wind pressure loadings over a typical hyperbolic, natural draught cooling tower. 
Earlier Yeh (1972) studied the non-linear dynamic response of a cooling tower under 
the action of a strong wind pressure up to collapse. The theoretical failure was 
observed by a local buckling phenomenon related to the excitation of higher 
vibration modes. Further to this study, an increase in stiffness of the structure was 
observed with an increase of meridional curvature (Yeh & Shieh 1973). This study 
has been further investigated and effect of curvature on stress and displacement 
response has been critically reviewed (Austin eta!., 2001). 
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Cooling towers are typically supported on an annular ring of closely spaced 
columns that produce a series of discontinuous, concentrated reactions at the base 
of the tower. Gould & Lee (1969) with the aid of geometrical approximation of the 
meridional curve, extended their earlier studies to the case of cooling towers 
supported on columns. This treatment is based on the assumption that the ring 
beam is restrained in the circumferential and the horizontal directions. Abu-Sitta 
(1970) attempted to examine, in some detail, the influence of the practical boundary 
conditions at the base of the cooling tower. Compatibility between the column 
supported boundary and the shell is compared to an equivalent shell extension 
having stiffnesses similar to the column-supported boundary. Most recently, 
Karisiddappa et a/. (1997) have considered realistic boundary conditions modelling 
the support columns in the analysis along with the shells. Hoop forces have been 
found to have altered significantly in the lower portion of the shell near the column-
shell junction. This model gives a better physical representation of a column 
supported hyperbolic cooling tower. Castiau (1998) have presented the response 
comparison of an existing cooling tower, in Civaux, supported on meridional 
columns instead of conventional A or V shaped supports. To check this, analyses of 
linear buckling and of natural frequencies spectrum have been performed on three 
support conditions; fixed base, actual soil and soft soil. The study shows that towers 
on meridional supports offer a better solution with respect to possible wind-induced 
vibrations. However, the best solution for seismic conditions has been found to be 
the A-shaped diagonals with a comparatively small number of pairs while V-shaped 
diagonals are well adopted to moderately windy sites without significant seismic risk. 
Seismic loads are modelled in the finite element time history analysis as 
ground accelerations applied at the base of the structure, and the transient response 
is analysed by direct integration using time history records. In time history analysis, 
it is important that consideration is given to modal analysis results. Analytical and 
model studies of freely vibrating hyperboloidal shells have been carried out by Neal 
(1967) to determine the lowest natural frequency. His study was aimed to determine 
the influence of cracking around the base on the fundamental frequency. 
Weingarten and Gelman (1967) have discussed the difficulties involved in obtaining 
base fixity of freely vibrating cones. Carter et a/. (1969) solved the differential 
equation of motion by using Holzer's method to determine the natural frequencies 
and mode shapes of the general shell of revolution. Williams (1967) carried out 
tests on hyperbolic and cone-toroid models of uniform thickness comparing these 
results with computed ones using a method of analysis given by Kalnins (1964). 
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Free vibration of hyperbolic cooling towers has been discussed by Hashish and 
Abu-Sitta (1971) using a modified finite difference technique. The single most 
important element in the tower behaviour, during their investigation, is found to be 
the base fixity. Lashkari eta/. (1972) included the effects of pressure loading on the 
dynamical behaviour of hyperbolic shells and used the finite element displacement 
method. Deb-Nath (1974) considered the effects of initially applied membrane 
stresses on the natural frequencies of shells of revolution. Veranda and Weingarten 
(1975) have discussed the effect of geometric non-linearities in the instability 
behaviour of hyperboloidal shells under axisymmetric loadings. A finite element 
formulation and numerical integration procedure have been presented by Yang and 
Kapania (1984), for predicting the stationary random response of cooling towers. 
Another such type of solution was given by Webster (1967). Brebbia eta/. (1976) 
applied finite element displacement method to axisymmetric shells to work out the 
natural frequencies. The procedure was successfully applied to a 1OOm high 
cooling tower and results of the natural frequencies compared closely to the 
established solutions by Carteret a/. (1969) and Deb-Nath (1974). These results 
have also been verified in the present study and a simplified empirical approach to 
work out the lowest frequency of hyperbolic axisymmetric shell structure has been 
proposed (Nasir eta/., 2001 b; 2001 c). 
The pseudo-static seismic response of the hyperbolic axisymmetric shells 
has been studied by Gould (1985) using the response spectrum method. A free 
vibration analysis has been performed, assuming a critical damping of 2%. The 
mode shapes thus obtained are normalised, spectral ordinates are determined, and 
the forces acting on the shell are found. It has been observed that the higher modes 
play a significant role in the response, and the possibility for large tensions in the 
supporting columns is evident. Earlier Gould and Lee (1967) had presented a 
membrane solution for the dead load and static seismic load acting on a cooling 
tower. Billington (1982) had also considered equivalent static loading of earthquake 
and wind on Trojan cooling tower. Abu-Sitta and Davenport (1970) considered 
earthquake loading represented by characteristic statistical values. The resulting 
dynamic stresses were related to an equivalent static stress. The method pertinent 
to the elastic response only, was then refined by lsyumov eta/. (1972) and had been 
developed only for uni-directional horizontal ground acceleration, as discussed and 
suggested in the report of ACI-ASCE (1977). A detailed analysis of the response of 
a tower (lsyumov eta/. 1972) to this type of excitation indicated first, that only those 
modes with no cross sectional distortion are excited and second, that under normal 
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conditions, only the first of this class of modes contributes significantly to the 
resulting stresses in the tower. Busch et at. (1998) have shown similar type of 
observations that the early periods of vibration of hyperbolic cooling towers are 
extremely sensitive to changes of height. However, the fundamental period of such 
structures could be close to the peak of the energy spectrum for seismic effects, 
significantly different from that of wind (Kratzig & Meskouris, 1993). 
The use of equivalent static loads to observe the dynamic response, though 
simplifies the analysis; however it does not account for interaction between the 
frequencies of the applied load and the characteristic natural frequencies of the 
structure. ACI-ASCE (1977) has suggested that 'the time-history analysis can be 
used to give a complete history of the structural response. An earthquake ground 
motion can be represented by three orthogonal components, two horizontal and one 
vertical. It is normally sufficient to design a cooling tower for one horizontal 
component of earthquake only'. 
3.5 CONCLUSION 
Though many axisymmetric shell theories had been proposed over the 
years, their application and solution to real world problems had been either 
approximate and very difficult or impossible. This problem has been overcome with 
the advent of the finite element method, optimisation techniques and powerful 
computers. Moreover, different shaped axisymmetric shells have been used for 
different applications, often with simplifications and approximations. Their 
performance characteristics, especially dynamic response which have attracted 
interest during recent times due to increased seismic activity, had not been 
evaluated and compared with regards to their shapes. This thesis examines 
performance characteristics with regards to shape, using powerful numerical 
techniques and identifies an optimum axisymmetric shape for multi-use. 
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FINITE ELEMENT METHOD 
4.1 DEVELOPMENT AND APPLICATION 
CHAPTER 
FOUR 
One of the earliest applications of the finite element method (FEM) has been 
in the analysis of shell structures. The method was first developed by structural 
engineers for treating aircraft structures (Ashley, 1982) - a typical example of shell 
structures. Courant appears to have been the first to propose the principle of finite 
element method, in 1943. He used the principle of stationary potential energy and 
piecewise polynomial interpolation over triangular sub-regions to study the Saint-
Venant torsion problem. Unfortunately, none of the foregoing work was of much 
practical value at the time because there were no computers available to generate 
and solve large sets of simultaneous algebraic equations. Though the so-called 
large problem had 100 degrees of freedom (dof) only. 
lnfact the development of finite element method coincided with major 
advances in digital computers and programming languages. By 1953 engineers 
had written stiffness equations in matrix format and solved the equations with digital 
computers. Most of this work took place in the aerospace industry (Turner, 1967), 
but it was soon realised that the method could be applied to almost all problems that 
could be expressed as a system of partial differential equations. Also the technique 
readily coped with several types of applied loading, namely concentrated forces, 
distributed or pressure loads, body force loads (inertia or gravitational), initial strains 
(such as those thermally induced) and prescribed displacements. This allowed 
applications in wide range of diverse areas from hydraulics and aerodynamics to 
temperature and electrical fields. Complex structures such as cooling towers, cars 
and aircraft could be thoroughly analysed long before the first prototype was built. 
A detailed picture of the behaviour of a unique structure could be built up without 
having to resort to costly prototyping and experimentation (Cook eta/., 1989). 
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The basic principles underlying the finite element method are simple and 
well known, and hence some salient points only are discussed herein. The region 
to be analysed is subdivided into an assembly of subdivisions called elements, 
considered to be interconnected at joints, known as nodes, as shown in figure 4-1. 
Finite elements 
Nodes 
Figure 4-1. Typical form of finite element model (Case eta/., 1993) 
The unknown variable, such as temperature or displacement, is assumed to act 
over each element in a predefined manner, with the number and type of elements 
(1-D, 2-D or 3-D as shown in figure 4-2) so chosen that the variable distribution 
through the whole body is adequately approximated by the combined elemental 
representations. The distribution across each element may be defined by a 
polynomial, linear or quadratic, or a trigonometric function. After the problem has 
been discretised, the governing equations for each element are calculated and then 
assembled to give the system equations which describe the behaviour of the body 
as a whole (Fagan, 1992). 
The range of problems suitable for analysis by the finite element method is 
large, and certainly many of these problems were previously insoluble, especially 
those for complex and large shell structures, until the method became available. 
The three broad problem areas that can be investigated by this technique and have 
been discussed in this thesis for axisymmetric shell structures are; 
Steady state problems: For elasticity problems, a body under equilibrium 
conditions can be analysed and its distortion predicted (chapter 5). From the 
calculated values of displacement, it is then possible to derive the strains and 
stresses experienced by the body. 
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Eigenvalue problems: The method is an extension of equilibrium problems, used 
to determine the natural frequencies and mode shapes of components (chapter 6), 
and the buckling load of structures. 
Transient problems: The load can be functions of time, and the finite element 
method is used to calculate the forced response of the body (chapter 7). 
(a) Hyperbolic axisymmetric 
shell structure modeled with 
2-D shell elements 
(b) Cylindrical shell of 
revolution modeled with 3-D 
solid brick elements 
Figure 4-2. Different ways of discretising axisymmetric shell structures 
4.2 COMPUTER INTERACTION 
Finite element method is an approximate technique, as already discussed, 
therefore the correct selection of element representations, boundary conditions and 
loading representations are prime important to ensure that the results are valid. For 
this purpose, it is always advisable to verify the simple form of finite element model 
with established and /or classical solutions. Understanding of the basic engineering 
principles and identification of standard analysis method are therefore vital to 
ensure the verification of numerical model response. Nowadays, large general-
purpose finite element computer programs have emerged. Each of these programs 
includes several kinds of elements and could perform static, dynamic and heat 
transfer analysis of any type of complex problem. 
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The choice of element type is important for simulating correct structural 
behaviour. Rods and beams represent forces that act in a line, beams transmit 
bending moments and rods do not. Plate and shell elements represent forces that 
vary over a surface. Shell elements are curved plate elements which could include 
both bending and membrane effects, and are suitable for the modelling of shell 
structures. When discretising a problem into elements, it is possible to greatly 
reduce the amount of computation by taking account of any symmetries or 
repetitions that occur in the definition of the problem. These may include axial, 
planar or cyclic symmetries. Figure 4-3 shows a basic finite element type used in 
the axisymmetric analysis. 
Figure 4-3. Basic axisymmetric element and stress components (Fagan, 1992) 
4.2.1 Finite Element Package, Choice of Elements and Boundary Conditions 
There are numerous commercial finite element packages of varying 
complexity available at present. Most programs are available in modules, allowing 
the prospective user to select only those parts of the software one requires. 
However, in practice most of the modules use the same pre- and post-processors, 
and it is only the solution phase that is different. A number of different solution 
methods are being utilised. Some computer programs formulate the entire stiffness 
matrix and then solve it either directly or iteratively; others may use the waveform 
method which requires only part of the system matrix to be kept in memory at a 
time. When the solution is calculated, it is required to be processed to extract the 
useful information such as displacements at a node. This is called post processing 
and usually employed through powerful graphical interface packages. The range of 
computers supported by these finite element softwares include personal computers 
(usually connected via tel net) through to supercomputers. Most of the input files are 
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so large that they require at least the solution phase to be executed in batch mode, 
possibly overnight, since the finite element routines are very intensive in both 
processing terms and disk space requirements. The commercially available finite 
element packages, which have facilities to solve stress and a variety of field 
problems, might easily have several different finite elements available, some typical 
examples of which are shown in figure 4-4. 
(1) 
• 
2 
• 
(2) 3 
• 
(a) Line elements represent truss & beam members 
(b) Three & four node axisymmetric and plate elements 
(c) Curved shell elements, representative of both thin and thick shell 
Linear Quadratic Cubic 
(d) Solid brick elements 
Figure 4-4. Different types of elements used in finite element analysis 
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In the present research, two finite element codes (MSC/NASTRAN ver 70.5 
& ABAQUS ver 5.6) have been used extensively. NASTRAN has powerful routines 
for shape and volume optimisation while ABAQUS has been proved more efficient 
in linear, eigenvalue and transient response analysis. Three-dimensional isotropic 
shell elements supported by ABAQUS (S4R5) are used to model the shell. This 
element uses five degrees of freedom (three displacement components and two 
rotations) per node, and is suitable for analysing the shell structures treated herein. 
The NASTRAN library calls this element CQUAD4. Axisymmetric response has 
been studied using axisymmetric finite elements (SAX1 in ABAQUS library). This 2-
D element uses three degrees of freedom (two displacements and one rotation) and 
is modelled along the meridian only. A considerable saving of computation effort 
has been observed while using axisymmetric elements where appropriate. Though 
solid brick elements may also be used in shell analysis, their use in this thesis is not 
warranted due to longer computational time with marginally different results. 
PATRAN ver 9.0 has been used as a graphical pre and post processor. 
Generally models (and results) could be rotated and viewed from any angle, 
possibly with perspective and light source shading, with the zoom-in and zoom-out 
facility to examine particular details. Hidden line plots are available, together with 
section plots that allow the performance of any part of the problem to be fully 
examined. The pre-processor has also been used to develop the finite element 
model. The ability to define different types and numbers of co-ordinate systems 
also simplified mesh generation and the application of the conditions enormously. 
Cartesian and cylindrical systems are commonly used for both global and local 
systems. Local co-ordinate systems are particularly helpful in the definition of 
constraint conditions in stress problems, where the relevant element faces are 
inclined to the global co-ordinate system, as can be observed in hyperbolic and 
parabolic shells of revolution. 
The true boundary conditions at the base of a shell structure are difficult to 
simulate. The amount of fixity could be anywhere between that of a pin support and 
a clamped support. Response of some shells under hinged and fixed base 
supports were initially compared and it was evident that the differences were mainly 
in the lower region of the shells. Moreover, Novozhilov (1959) has shown that full 
base fixity is theoretically the only condition for the membrane stress to dominate. 
Due to these reasons, all shells treated in this thesis have been assumed to be fully 
restrained at their bases. 
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The essential output data, for stress problems are the nodal displacements 
and stresses at Gauss integration points, and from these values the model 
behaviour can be predicted. Five integration points have been used through the 
thickness of the shell wall. The sensitivity of stress resultants at each integration 
point has been examined in detail before plotting stress variation graphs. Figure 4-5 
shows meridional stress variation and figure 4-6 shows hoop stress variation along 
the height of 161.5m high hyperbolic axisymmetric shells structure under earthquake 
loading. The figures show stress variation on all the five integration points (IP) 
where IP1 is the innermost and IPS is the outermost layer. It can be observed that 
the average stress is represented by IP3. In subsequent analysis, it has been 
critically considered to initially verify the stress plots of simple problems with 
established solutions before evaluating the response of complex cases. 
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Figure 4-5. Meridional stress representation at five integration points 
through the shell wall thickness 
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4.3 CONCLUSION 
The finite element packages used in this thesis have been extensively used by 
many researchers and have been found to be reliable and acceptable. The results 
from the analysis of the initial finite element shell model will be compared (described 
in chapters 5 & 6) with existing solutions to validate the computer aided numerical 
model. 
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CHAPTER 
FIVE 
STATIC ANALYSIS OF AXISYMMETRIC SHELLS 
The static behaviour of shell structures is governed by complex differential 
equations with shell theories being developed over the years. Application and 
solution to treat real world problems, however, had been either approximate and 
very difficult or impossible. Moreover, different shaped shells have been used for 
different applications often without linking performance with shape. With the advent 
of the finite element method, optimisation techniques and powerful computers, it 
has now become possible to create and vary shapes of shells, evaluate and 
compare performance and identify optimum designs. 
Shell structures are today solved by finite element computer aided 
packages. In conjunction with the finite element method, numerical optimisation 
methods represent a versatile tool for structural design by searching for the best 
solution in much the same way that designs evolve in usual engineering practice. 
There is also the added advantage that the finite element method is now widely 
accepted as a reliable analysis tool and provides an efficient basis for automated 
design. 
5.1 OPTIMISATION 
The optimisation process requires the objective to be defined with respect to 
the quantity to be optimised and in terms of variables in the problem. The values of 
the variables in this objective function are limited by values defined as constraints. 
Optimisation involves an iterative procedure, taking a value for the parameter being 
optimised, evaluating the system for that parameter, and then adjusting the selected 
value based on the results of evaluation. Numerical optimisation techniques offer a 
logical approach to design automation, and many algorithms have been proposed in 
recent years. Most optimisation algorithms require that an initial set of design 
variables be specified. From this starting point, the design is updated iteratively till 
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the objective is achieved within constraint limitations, if feasible. The starting point 
is based on the thorough understanding of the problem to be optimised. 
Limitations are defined as either implicit or explicit constraints. Constraints 
on an individual variable or group of variables are termed explicit constraints 
because a direct relationship can be defined. Constraints on quantities that have a 
dependence on the design variables that cannot be directly stated are termed 
implicit constraints. Constraints introduce limitations on the optimum value to lie 
within what is termed a feasible region (Sunday, 1984). 
Figure 5-1 illustrates the restrictions imposed on a function by various 
constraints and the development of the feasible region. The function under 
consideration is a two-dimensional function and it is observed that the optimum 
value of the function varies as a result of the constraints imposed. The 
unconstrained optimum value is observed in first case to occur at point A, however 
the inclusion of a single equality restraint on the function is observed to reduce the 
optimum value to point B. Inequality and incompatible constraints applied to the 
functions in case II and Ill respectively influence the possible values of the function 
optimum. The function value A is not affected by the forbidden region in case II, but 
needs relocation to an optimum feasible region in case Ill due to constrained 
limitations as shown by the shaded portion (Gottfried & Wiesman, 1973). 
These constraints provide a broader range of acceptable function values 
and therefore a greater understanding of the values being considered is required 
when determining the optimum value of the function. 
5.2 NUMERICAL OPTIMISATION- AUTOMATION 
The problem to be considered is that of minimising 
(5-1) 
where the Xj are subject to the explicit constraints 
j = 1,2, ......... ,n (5-2) 
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g(x1 ,x2 ) ~ 0 
/ 
(a) subject to single equality constraint 
(b) subject to inequality constraint 
(c) subject to incompatible constraints 
Figure 5-1. Constrained Optimisation (Gottfried & Wiesman, 1973). 
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and also the implicit constraints 
i = 1,2, ......... ,m (5-3) 
The t and Uj are the lower and upper bounds for the variables. 
The function f(x) is referred to as the objective or merit function, and is dependent 
on the values of the design variables 'x', which themselves include member 
dimensions or shape variables of a structure. 
The limits on the design variables, given in equation (5-2) are referred to as 
explicit constraints and are used to limit the region of search for the optimum. For 
example, it would not make sense to allow the thickness of a structural element to 
take a negative value. Thus, the lower bounds are set to a reasonable minimum 
gauge size. 
The gi (x) are the implicit constraints, given in equation (5-3), providing 
bounds on various response quantities. The most common constraints are the 
limits imposed on stresses & deformations at various points within the structure. 
Considering cr as the upper bound allowed on stress, the constraint function would 
be written, in normalised form as 
(5-4) 
where the subscripts i, j, k in 0/jk denote i = element, j = stress component, and k = 
load condition. 
With the advancement in computation technology, a series of loops in the 
computer code cycle through many combinations of design variables to find an 
optimum solution. This approach has been used with some success and may be 
quite adequate if the analysis program uses a small amount of computer time. 
However, the cost of this technique increases dramatically as the number of design 
variables to be changed increases and as the computer time for a single analysis 
increases. 
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Consider, for example, a design problem described by three variables to 
investigate the designs for 10 values of each variable. Suppose the proposed 
design can be analysed in one-tenth of a central processing unit (CPU) second on 
the digital computer. There are then 103 combinations of design variables to be 
investigated, each requiring one-tenth second for a total of 100 CPU seconds to 
obtain the desired optimum design. This would probably be considered an 
economical solution in most design situations. However, in a more realistic design 
problem there could be 10 variables describing the design to investigate 10 values 
of each variable. Let the proposed design requires 10 CPU seconds for one cycle 
of analysis. The total CPU time now required to obtain the optimum design is 1011 
seconds, or roughly 3200 years of computer time (Vanderplaats, 1984; 1999). 
Thus optimisation is not simply the coupling of finite element analysis, 
sensitivity analysis and optimisation by iterations. The number of detailed analyses 
required during the optimisation loop needs to be reduced, which is known as 
approximation technique. A loop shown in figure 5-2 explains this cycle. 
Initial 
Design 
Constraint 
Screening 
Structural 
Response 
Analysis 
Sensitivity 
Analysis 
Finite 
Element 
Analysis 
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Approximate 
Model 
Optimisation 
Algorithm 
Figure 5-2. Approximation Concepts 
There are three categories into which the approximation falls (Moore, 1995); 
Design variable linking allows keeping the number of independent design 
variables to a minimum, leading to a well-formulated design model. 
Constraint regiona/isation and deletion temporarily removes non-critical, 
redundant constraints from consideration on the assumption that this reduced set 
still contains adequate information to efficiently guide the design. 
Formal approximations put the objective function and all retained constraints to be 
cast in terms of high-quality approximations that are explicit in the design variables. 
The optimiser refers to these approximations when it requires function evaluations 
instead of the costly and implicit finite element analysis. 
5.3 VOLUME OPTIMISATION 
In the present study, the volume optimisation of axisymmetric shell 
structures have been achieved by 'variable linking technique' available in finite 
element code of MSC /NASTRAN, a commercially available computer package. 
The variable linking technique is a design tool to create the approximate 
model that incorporates the effects of the reduced set of design variables, the 
screened set of constraints, and the approximated set of structural responses. The 
essential features of the design model are to; 
• define the initial shape i.e. cylindrical, conical, hyperbolic or parabolic, 
• define the design variables i.e. the shell wall thickness along the height and its 
minimum acceptable (positive) value, 
• describe the relationship between the design variables and the properties of the 
analysis model, 
• describe the objective function, for example, to obtain the minimum volume of 
concrete in the shell wall, 
• define bounds (constraints) limiting the design response to an acceptable range. 
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A first step must be to narrow the design task to that of determining the best 
combination of just a few design variables. As already discussed, it is highly 
uneconomical with regards to computational effort involved, to consider fifty or one 
hundred variables simultaneously to find a suitable combination from the group. It 
is much more efficient to link these together as shown in the following equation; 
(5-5) 
in which the i-th property Pi (i.e. wall thickness Ti at a certain height in this case) is a 
function of the set of design variables x1 through Xn, resulting in a smoothly varying 
(stepwise) wall thickness with height, while c0, c1, ••• cn are the constants depending 
upon the number of steps. An interesting feature of equation (5-5) is that it can be 
used to express a large number of properties in terms of a much smaller set of 
design variables (i.e. when i >> n). This is called variable linking technique. 
As an illustration of the above, assume the variation in 10 steps of wall 
thickness along the height of an axisymmetric shell structure as a design variable. 
The matrix shown in equation (5-6) allows smooth variation with only three 
independent variables a1, a2, a3 (i.e. x1, x2, x3 in equation (5-5)). 
T1 1.0 1.0 1.00 
T2 1.0 0.9 0.81 
T3 1.0 0.8 0.64 
T4 1.0 0.7 0.49 a1 
T5 = 1.0 0.6 0.36 a2 (5-6) 
T6 1.0 0.5 0.25 a3 
T? 1.0 0.4 0.16 
T8 1.0 0.3 0.09 
T9 1.0 0.2 0.04 
T10 1.0 0.1 0.01 
The first, second and third column in the matrix correspond to constant, linear, and 
quadratic basis functions, respectively. 
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This concept is used extensively in connection with shape optimisation; a 
large set of grid co-ordinate variations can be governed by a much smaller set of 
design variables. This combination might not yield the true optimum, and in fact 
only does so if some combination of the basis vectors is able to uniquely define the 
optimum. Including other basis vectors where each property is allowed to vary 
independently probably will yield a different optimum, perhaps even one having a 
lower structural weight. That is, each group of shell elements at a certain height 
can be a function of just a single design variable. However, the basis function 
approach (described in equations 5-5 & 5-6) is able to guarantee that the resulting 
shell section has a smoothly varying thickness in a stepwise fashion as shown in 
figure 5-3 (Moore, 1995), a feature which is highly desirable from a practical point of 
view. 
Base Radi us 
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~ 
Figure 5-3. Smoothly varying shell wall thickness along the height 
5.4 STATIC STRESS ANALYSIS 
5.4.1 Finite Element Model 
In the present study, two finite element codes (MSC/NASTRAN ver 70.5 & 
ABAQUS ver 5.6) have been used, as discussed in chapter 4. Since the verification 
of numerical model is an essential step, the computer aided finite element model of 
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a conical shell of revolution is generated on graphical pre & post processor 
(PATRAN ver 9.0) and analysed with ABAQUS using geometry, material properties 
& boundary conditions as adopted by Thevendran and Thambiratnam (1987; 1988). 
This shell has an inner base radius of 3m with a height of 6m and wall thickness 
linearly increasing from top to bottom (1988). 
Thevendran and Thambiratnam had earlier treated minimum weight design 
of conical (termed here 'straight line variation') concrete water tanks with four 
different angles of inclination of the shell wall, using two different approaches and 
had co-related the results (1987; 1988). In ref. (1987) a procedure which combined 
the Runge-Kutta method of solution of ordinary differential equations with a 
numerical minimisation method was used while a different finite element package 
(SAPIV) was embedded into a minimisation routine to deal with the design problem 
in ref. (1988). 
The physical constants used in this study are: 
Young's modulus of elasticity (E) 
Poisson's ratio (v) 
Specific weight of water (rw) 
Specific weight of concrete (rc) 
28.0 KN /mm2 
0.167 
9.81 KN /m 3 
23.6 KN /m 3 
S4R5 three-dimensional isotropic shell elements (available in ABAQUS library) are 
used to model the shell. The numerical modelling of reinforcement, predominantly 
for liquid retaining structures, is complex and the contact between reinforcement 
and concrete is non-linear and unknown. Hence it is customary to use 
homogeneous and isotropic shell element with equivalent material properties in a 
linear analysis, without allowing cracks to form. An optimum mesh size is adopted 
after convergence study. The top edge of the shell structure is free to translate and 
rotate in all directions, while the base is completely fixed i.e. no translation and no 
rotation. Five integration points (IP1 to IP5) have been used assuming outward 
normal being positive for the isotropic shell element. The sensitivity of stress 
resultants at each integration point is examined before plotting stress variation 
graphs to differentiate between the behaviour of innermost (IP1) and outermost 
(I P5) layers along the thickness of shell wall. 
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Figure 5-4 shows meridional and hoop stress responses of 6m high cylinder 
under hydrostatic loading only i.e. without considering the self-weight, to ensure that 
this one-off loading is parallel to the outward normal direction of the shell wall. The 
figure shows stress variations at all the five integration points (IP) where IP1 and 
IP5 refer to the innermost and outermost layers respectively. From the figure, it is 
evident that meridional stress response is compressive at IP1 (the innermost layer, 
shown with thick solid line) and is tensile of same magnitude at IP5 (the outermost 
layer, shown with thick broken line), thus verifying the bending behaviour within the 
shell wall thickness. It can also be seen that the hoop stress response is tensile in 
all the five integration points throughout the height except in the vicinity of the 
support, with the outermost layer (IPS) having the maximum tensile hoop stress, 
even though the variation in magnitude of hoop stress along the thickness is 
insignificant. 
In this model verification study and the subsequent analysis, the stress plots 
are represented by the response at innermost layer i.e. IP1. The present results 
have been found to be in very good agreement with those in the references cited 
earlier, as shown in figure 5-5. It is to be noted that though there is no load at the 
top edge of the shell structure yet there is non-zero value of hoop stress, which is 
due to the element size limitation in numerical procedure. If the mesh is refined 
sufficiently in this vicinity, the hoop stress will approach a value closer to zero. As 
this information is known and the effort required for this is large, this numerical 
discrepancy seems tolerable. 
5.4.2 Stress Analysis - Results & Discussion 
After preliminary verification of the finite element model, the study of stress 
response of conical shape (figure 5-6) is furthered to hyperbolic (figure 5-7) and 
parabolic (figure 5-8) shape generators, keeping all the other parameters similar to 
that of conical shape (adopted from ref. 1988; Thevendran and Thambiratnam) 
except that the shell wall is concave outwards for hyperbolic while convex outwards 
for parabolic shapes. The angular deviation of 15° from vertical at the base yields 
an offset of 1.607m at the top radius. This is case A, while the case B is 30° 
deviation from vertical yielding an offset of 3.464m at the top radius. These are 
illustrated in figures 5-6 to 5-8. 
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Figure 5-4. Stress response within five integration points of shell wall thickness 
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Figure 5-5. Stress diagrams verifying the finite element model 
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Figure 5-7. Hyperbolic shape generators 
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Figure 5-8. Parabolic shape generators 
Figure 5-9 shows the meridional and hoop stress response of conical, 
hyperbolic and parabolic axisymmetric shell structures under the action of 
axisymmetric loading ie self-weight & hydrostatic pressure. The base radius in all 
the three cases is 3m, height is 6m while the top radius 4.607m, ie case A. Figure 
5-10 shows the stress variations for these three shapes when top radius has been 
increased to 6.464m, ie case B. It is clear from these two figures, that the 
hyperbolic shape has significantly lower stresses and will prove to have minimum 
wall thickness. The parabolic shape bears the worst scenario, both in hoop as well 
as in meridional stress. 
One possible argument for the increased stress in parabolic shape may be 
that of increase in the fluid capacity for this shape. To study this effect, an inner 
water volume of 170m3 and shell height of 6m are maintained constant. These four 
shapes (cylindrical, conical, hyperbolic, and parabolic) are again studied. Resulting 
stress diagrams shown in figure 5-11 verifies the earlier observation. The parabolic 
shape carries the highest maximum hoop stress. Though meridional stresses are 
less influenced by shape change, the maximum value in the hyperbolic shell is still 
smaller than those in the parabolic and conical shells. 
These observations support those of Gould (1977) for self-weight analysis of 
axisymmetric shells. 
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5.4.3 Optimum Design of Axisymmetric Shell Structures 
Once the finite element model has been verified and the hyperbolic shell 
seen to be the most efficient, the next phase is to study the optimum wall thickness 
of the already discussed four axisymmetric shell structures under axisymmetric and 
non-axisymmetric loading. The variable linking technique (equations 5-5 & 5-6) is 
applied to determine the piecewise smooth variation of minimum wall thickness 
along the height of each shell shape. The optimum design capabilities of NASTRAN 
are used in this context. The listing of one typical case is reproduced in the 
appendix. 
Following design parameters have been considered; 
Inner base radius of each shell shape 3m 
Height of the axisymmetric shell structure 6, 7.5 & 10m 
(three different heights) 
Initial thickness of wall 100 mm 
Young's modulus of elasticity (E) of concrete 28.0 KN/mm2 
Poisson's ratio (v) of concrete 0.167 
Specific weight of water (rw) 9.81 KN/m3 
Specific weight of concrete (Yc) 23.6 KN/m3 
Minimum allowable wall thickness 50mm 
Maximum allowable tensile stress 1.50 N/mm2 
Axisymmetric Loading 
Three different heights (6, 7.5 & 1Om) of the four shell shapes (cylindrical, 
conical, hyperbolic, & parabolic) with a base radius of 3m are investigated to 
observe the optimum design of shell wall. An axisymmetric loading of self-weight 
and hydrostatic pressure are applied. For water or fluid retaining structures, limits it 
is appropriate to have constraints on both the tensile and compressive stresses in 
the minimisation problem. The Australian Standard on concrete structures for 
retaining liquids (1991) does not explicitly define the allowable concrete stresses but 
gives 0.30-/f'c as the maximum tensile stress ( f1 ) for practical purposes, where f'c is 
the concrete crushing (compressive) strength. Similarly the maximum compressive 
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stress is also related to f'c. It is hence evident that constraints on both the tensile 
and compressive stresses will be related and it is justified in considering a 
constraint on only the tensile stress, while keeping a check on the maximum values 
of the compressive stresses. 
The smooth variation of wall thickness with height of the shell structure has been 
observed in all the cases using the variable linking technique. Figures 5-12 to 5-15 
show this response for height of 6m for all the four configurations. Similar response 
has been observed for the heights of 7.5m and 10m. 
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Figure 5-12. Optimum wall thickness (mm) response of cylindrical shape axisymmetric 
water tank with inner radius of 3m 
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Figure 5-14. Optimum wall thickness response of hyperbolic shape 
axisymmetric water tanks 
69 
7000 
4.8 
3.6 
! 
~ 
" 
..= 2.4 
1.2 
Parabolic Shape 
e = 15° 
-Inner wall 
--·Wall thcikness for Hydrostatic 
Loading 
0+-------------r~--·~------~------------~----------~------------. 
6 
4.8 
! 3.6 
;d 
blJ 
"ii 
.c: 2.4 
1.2 
2000 3000 4000 
e = 30° 
--Inner wall 
~Wall thickness for Hydrostatic 
Loading 
5000 6000 7000 
0+---------------~~--.~~--------------.-------------~-----------. 
2000 3000 4000 5000 6000 
Figure 5-15. Optimum wall thickness response of parabolic shape 
axisymmetric water tanks 
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7000 
The material volume required in each shell wall for all the three heights is given in 
table 5-1, volume being calculated using expression; 
Material volume in shell wall per unit circumferential length = (5-7) 
X (thickness at each step evaluated using variable linking technique x length of step) 
The step length has been calculated using Pythagoras theorem where in the right 
angled triangle the hypotenuse is the step length, the base is the difference in radii 
between the top and bottom and the height of the step is the vertical side of the 
right triangle. The values in parenthesis in table 5-1 shows the percentage change 
in the material volume of conical, hyperbolic and parabolic shell structures 
considering material volume of cylinder as a datum. It has been observed that 
hyperbolic shape requires minimum material volume among conical, hyperbolic and 
parabolic shapes and is thus the most efficient one, similar to earlier observations 
on stress response. 
Volume of concrete (m3 per unit circumferential length) 
Height under axisymmetric loading 
ofthe Shell (values in parenthesis show percentage change in material volume in respective shell 
Structure structure with corresponding cylinder as a datum) 
Cylindrical Conical Hyperbolic Parabolic (m) .· 
Case A Case B Case A Case B Case A Case B 
0.478 0.569 0.843 0.469 0.666 0.714 1.401 
6.0 
- (19) (76) (-2) (39) (49) (193) 
0.712 0.864 1.510 0.720 1.227 1.270 3.318 
7.5 
- (21) (112) (I) (72) (78) (366) 
1.213 1.710 3.439 1.415 2.819 2.789 7.157 
10.0 
- (41) (184) (17) (132) (130) (490) 
Table 5-1. Material volume in the walls of four different shell structures of three 
different heights with constant inner base radius of 3m, under axisymmetric loading 
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Non - Axisymmetric Loading 
The study is then furthered to non-axisymmetric wind loading in addition to 
axisymmetric self-weight and hydrostatic pressure. The Australian Standard (1989) 
defines external wind pressure (Pe) using equation (5-8); 
(5-8) 
where Cp,e is the external wind pressure coefficient on walls of circular bins, silos 
and tanks, V is the basic wind speed and Mz is the height factor. In this analysis, 
the external wind pressure coefficient (Cp,e) as defined in the Australian Standard 
(1989) has been used with the basic wind speed (V) of 38 m/sec for an intermediate 
region like Brisbane under service loads ignoring height factor (Mz) for structures up 
to 10m. 
Applying variable linking technique, the wall thicknesses have been obtained 
for all the four shell configurations for three different heights of 6m, 7.5m and 10m. 
The material volumes, worked out using expression given in equation (5-7) have 
been tabulated in table 5-2. 
Volume of concrete (m3 per unit circumferential length) 
Height under non-axisymmetric loading added 
ofthe Shell (values in parenthesis show percentage change in material volume in respective shell 
Structure structure with corresponding cylinder as a datum) 
Cylindrical Conical Hyperbolic Parabolic 
(m) 
Case A Case B Case A CaseB Case A Case B 
0.487 0.588 0.964 0.492 0.738 0.780 2.141 
6.0 
- (21) (98) (1) (52) (60) (340) 
0.743 0.968 1.728 0.808 1.351 1.503 3.667 
7.5 
- (30) (133) (9) (82) (102) (394) 
1.297 1.960 3.795 1.638 3.064 3.239 7.844 
10.0 
- (51) (193) (26) (136) (150) (505) 
Table 5-2. Material volume in the walls of shell structures under non-axisymmetric 
loading added 
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From table 5-2, the hyperbolic shape is still found to be the most economical 
one as there is only 1% increase in material volume in hyperbolic as compared to 
21% increase in conical and 60% increase in parabolic shell structures of 6m height 
in case A. Similar observations are found in other cases and with shells with 
different heights. The comparison of tables 5-1 & 5-2 yield the useful information 
that an increased material volume is required for the combined load case of 
axisymmetric and non-axisymmetric forces, though at certain locations along the 
circumference, these two forces are acting in the opposite directions to one another. 
Figure 5-16 provides the response comparison of optimum wall thickness for 
cylindrical shape under axisymmetric and non-axisymmetric loading, considering 
each load case one at a time in addition to the self-weight. 
Inner radius of 3m 
6 
5.4 
4.8 
4.2 
:§: 3.6 
~ 3 
'Q) 
..:;:; 2.4. 
1.8 
1.2 
0.6 
Cylinder 
radius = 3m; height = 6m 
-Inner wall 
-ill- Hydrostatic Load only 
-.1:- Wind load only 
0~--~--~--~----~-------ill-----~--------------------~ 
2920 2960 3000 3040 3080 3120 3160 3200 3240 3280 3320 3360 3400 
wall thickness (mm) 
Figure 5-16. Response (optimum wall thickness) comparison of cylindrical shape 
under axisymmetric and non-axisymmetric loading 
It has been observed that the axisymmetric nature of hydrostatic pressure requires 
more wall thickness as compared to the non-axisymmetric wind pressure though 
axisymmetric hydrostatic pressure (maximum value; 980 N /m2) is linearly varying 
with height having zero at top, while non-axisymmetric wind pressure (maximum 
positive value; 736 N /m2 , maximum negative value; 1256 N /m2) is constant 
throughout the height of the structure. 
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To observe the effect of height on the material volume, normalised volume 
has been calculated by dividing the total material volume by the height of the 
structure. An increase in material volume with height has been observed as can be 
seen in tables 5-3 & 5-4, verifying the earlier studies by Busch et a/ (1998) that the 
response of such a structure is sensitive to the height. 
Height Normalised concrete volume (m3 /m2) in the shell wall 
ofthe Shell 
(in terms of wall thickness) 
Structure Axisymmetric loading only Non-axisymmetric loading added 
(m) 
·Cylindrical Conical Cylindrical Conical 
.· 
Case A Case B Case A CaseB 
6.0 0.079 0.095 0.141 0.081 0.098 0.0161 
7.5 0.095 0.115 0.201 0.099 0.129 0.230 
10.0 0.121 0.171 0.344 0.130 0.196 0.380 
Table 5-3. Normalised material volume in the walls of cylindrical and conical 
axisymmetric shell structures 
Height Normalised concrete volume (m3 /m2) in the shell wall 
of the Shell 
(in terms of wall thickness) 
Structure Axisymmetric loading only Non-axisymmetric loading added 
(m) Hyperbola Parabola Hyperbola Parabola 
Case A Case B Case A CaseB Case A CaseB Case A Case B 
6.0 0.078 0.111 0.119 0.234 0.082 0.123 0.130 0.357 
7.5 0.096 0.164 0.169 0.442 0.108 0.180 0.200 0.489 
10.0 0.142 0.282 0.279 0.716 0.164 0.306 0.324 0.784 
Table 5-4. Normalised material volume in the walls of hyperbolic and parabolic 
axisymmetric shell structures 
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These four axisymmetric shell shapes are further investigated, this time with 
a constant top radius of 3m, height 6m and the shapes changing while going down 
along the height of the structure as shown in figure 5-17. It is quite interesting to 
observe that yet the hyperbolic shape is the one that requires the least volume of 
concrete, though the difference is very low. This exercise has been carried out to 
ensure that irrespective of the direction of increase of radius i.e. from top to bottom 
or vice versa, hyperbolic structure is the most economical in all possible cases. 
Cone 
0 1000 2000 3000 4000 5000 
Figure 5-17. Shape generators with constant top radius 
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5.4.4 Application to Hyperbolic Shape- Cooling Tower 
Once it has been established that hyperbolic form is the most economical 
solution of axisymmetric shell structures under axisymmetric and non-axisymmetric 
static loading for most practical cases, the optimisation procedure developed in 
earlier section is applied to a 200m high hyperbolic cooling tower. 
As have been discussed earlier in detail in chapters 2 & 3 that cooling 
towers are remarkable shell structures used to cool down the hot water emerging 
from electricity generating power plants. The material volume saving up to few 
millimetres of the shell wall contributes significantly while designing such state of 
the art structures. It has already been observed and discussed that shape and 
volume optimisation of cooling towers under static and dynamic loading have 
always been a challenge to structural engineers. The present research is not only 
an extension to the previous studies but will also consider the dynamic response in 
later sections. 
The procedure outlined in equations 5-5 & 5-6 defining smooth variation of 
wall thickness along the height, is applied to the optimum design of a 200m high 
hyperbolic cooling tower under axisymmetric self-weight and non-axisymmetric wind 
load. The wind pressure as defined in equation (5-8) now considers the height 
factors (Mz), the values of which are given in table 5-5. 
Height range (m) Mz 
0-10 1.12 
10-30 1.22 
30-40 1.24 
40-55 1.25 
55-85 1.27 
85- 150 1.29 
150- 185 1.31 
185-200 1.32 
Table 5-5. Height factors according to Australian Standards for Wind load 
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The following geometric parameters as defined in Busch et a/. (1998) have been 
considered in developing the numerical model in this study, considering a four-node 
isoparameteric shell element CQUAD4 (available in Nastran library). An optimum 
mesh size is adopted after convergence study. 
Total height 
Diameter at base 
Diameter at throat 
Diameter at top 
Throat height 
200.00 m 
152.54 m 
85.26 m 
88.40 m 
142.00 m 
The total height of 200m is divided into 15 steps, five steps above and ten 
below the throat level. The matrix shown in equation (5-5) is modified accordingly 
to apply optimisation routine in 15 steps. Adopting a uniform wall thickness of 
100mm throughout the height of tower, a maximum compressive stress of 7.82 
MPa, maximum tensile stress of 2.84 MPa and maximum lateral displacement of 
127 mm is observed. Applying constraint limitations on maximum tensile stress of 
1.5 MPa, maximum compressive stress of 5.0 MPa and maximum lateral deflection 
not exceeding 50 mm, the optimisation procedure is successfully applied to obtain a 
smoothly varying wall thickness along the height of the cooling tower. The 
observed wall thickness in fifteen steps is given in table 5-6. 
The effects of constraint limitations on displacement and stress responses 
are shown in figures 5-18 to 5-20. It can be observed from these figures, that the 
stresses and displacement are well within the limits throughout the height. 
To study the effect of curvature, the hyperbolic shape is next varied 
decreasing the throat radius keeping all other dimensions same as above. Table 5-
7 provides information on the volume of concrete required in the shell wall for four 
different hyperbolic shaped cooling towers, each 200m high but with different throat 
radii at same throat level. The material volume has been calculated using equation 
(5-7). It is evident from table 5-7, that as shape deviates from cylinder to hyperbola 
i.e. increase in curvature due to decrease in throat radius, less material volume is 
required in the shell wall, verifying and extending earlier observations by Gould 
(1977). 
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Shell wall 
Height range thickness 
(m) (mm) 
0- 14.2 270 
14.2-28.4 250 
28.4-42.6 235 
42.6-56.8 225 
56.8-71 215 
71 - 85.2 205 
85.2- 99.4 205 
99.4- 113.6 205 
113.6- 127.8 210 
127.8-142 215 
142- 153.6 225 
153.6- 165.2 235 
165.2-176.8 250 
176.8- 188.4 275 
188.4-200 295 
Table 5-6. Smoothly varying shell wall thickness of 200m high 
hyperbolic shell structure under wind load 
Throat radius (m) 42.63 40 35 30 
Concrete Volume (m3 per unit 47.74 37.81 30.33 27.12 
circumferential length) 
Table 5-7. Effect of curvature on material volume 
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Figure 5-18. Lateral displacement (mm) response of hyperbolic cooling 
tower under wind load 
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Figure 5-19. Meridional stress (MPa) response of hyperbolic cooling 
tower under wind load 
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Figure 5-20. Hoop stress (MPa) response of hyperbolic cooling tower under wind load 
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5.5 CONCLUSION 
In this chapter the finite element method has been used to treat 
axisymmetric shell structures. A numerical procedure incorporating the finite 
element method and an optimisation routine has been developed and applied to 
determine and compare the performance characteristics of axisymmetric shells and 
thereby seek an optimum shell shape for multi-use. The outcomes of the 
investigation supported the preliminary work carried out by Gould (1977) and 
proceeded beyond that to establish behavioural patterns based on shape and 
stiffness properties of the shells. The major findings of this aspect (static analysis) 
in the project are: 
•!• Optimisation of shell structures has confirmed the possibility of not only 
improved shell designs but also better choice of shapes and large saving of 
material. 
•!• Thickness of the shell structure can be optimised in a piecewise pattern for 
any form of shell of revolution and this will facilitate ease of construction. 
•!• The hyperbolic shell has been identified as the optimum (most economical 
and efficient) shape of axisymmetric shells in many applications. 
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CHAPTER 
SIX 
FREE VIBRATION ANALYSIS OF HYPERBOLIC SHELLS 
The hyperbolic shape has been identified as an optimum shell shape for 
different applications (chapter 5). The dynamic (free and forced vibration) 
characteristics of such shell are needed in design to ensure safe and efficient 
performance. This chapter investigates the free vibration characteristics. 
6.1 FREQUENCY ANALYSIS 
The wall thickness of a thin shell structure is usually less than 10% of the 
radius of curvature and axisymmetric shell structures are mostly categorised in this 
class, as already discussed. It is quite possible, due to low mass to stiffness ratio, 
that the natural frequency of these shell structures could become close to the 
excitation frequencies of earthquakes or wind excitation or other dynamic loads, 
causing undesirable vibration. A number of serious failures of shell structures 
during the last century have been reported due to insignificant consideration of the 
dynamic response. 
In 1965 in the UK, three of the eight cooling towers at the Ferrybridge power 
station collapsed. The collapse was attributed to insufficient vertical reinforcement 
to resist uplift forces and wind induced vibrations. Stiffening rings have been 
proposed for the strengthening of such structures and it has been observed that 
stiffening does have some effect of increasing the lowest natural frequency thus 
stabilising the structure against dynamic forces (Bosman et a/, 1998). Earlier 
investigations by Zerna and Mungan (1980) also supported the provision of 
stiffening rings with respect to buckling and vibration, while discussing the 
construction of large cooling towers. Previous studies (Abu-Sitta, 1970; Billington, 
1982; Gould, 1985) have mostly concentrated on shell behaviour under static 
loading with dynamic loads being modelled as equivalent static loads. 
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The use of equivalent static loads though simplifies the analysis; yet it does 
not account for interaction between the frequencies of the applied load and the 
characteristic natural frequencies of the structure. Thus, in addition to the possibility 
of elastic failure of a structure under static loading, long-term repetition of dynamic 
stresses, whose magnitude could be considered to be safe under static 
considerations, may lead to cumulative fatigue failures under dynamic conditions. 
In order to study the dynamic characteristics, the natural frequencies and 
modes of vibration (at which the structure vibrates in the absence of damping and 
forced motion) are needed. Each natural frequency has its own mode shape. A few 
classical mode shapes (in plan) of an axisymmetric shell structure are shown in 
figure 6-1. 
Sway mode 
----Breathing mode 
Ovalling mode 
Figure 6-1. Plan view of three different mode shapes of shells of revolution 
(Brebbia eta/., 1976) 
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6.2 PARAMETRIC STUDY 
In earlier investigations by others, the shell wall has been modelled by 
piecewise linear segments, each with a different slope. Such models of 
axisymmetric shells with linearly varying thickness and incremental slopes of the 
shell wall, have demonstrated that it is possible to elevate or optimise the 
frequencies of vibration (Thambiratnam & Zhuge, 1993). In another study, Busch et 
a/ (1998) have shown that the early periods of vibration of hyperbolic cooling towers 
are extremely sensitive to changes of height. The fundamental period of such 
structures could be close to the peak of the energy spectrum for seismic effects, 
however significantly different from that of wind (Kratzig and Meskouris, 1993). 
Therefore parametric study of axisymmetric shell structure under free vibration 
response is of fundamental importance in deciding an optimum shape. 
It has already been established, in chapter 5, that hyperbolic shape is the 
most economical solution of axisymmetric shells, and more attractive than a 
polynomial shape (Reinschmidt and Narayanan, 1975). Curvature, height and shell 
wall thickness are important parameters for such structures. Effect of these 
parameters, examined in close detail, on free vibration response have been studied 
to consider the sensitivity of these parameters, and dimensional analysis has been 
carried out to develop an approximate expression for the lowest (or first) natural 
frequency of hyperbolic axisymmetric shell structures within a height range of 100 to 
200m. 
6.2.1 Finite Element Model 
A case study of an already established solution for free vibration response of 
a hyperbolic cooling tower was considered for numerical model verification in the 
present study. Brebbia et a/. (1976) had earlier computed the natural frequencies 
using finite element displacement method. The results compared closely to the 
established solutions by Carter et a/. ( 1969) and Deb-Nath ( 197 4). 
In the present study, a computer aided finite element model is generated on 
a graphical pre & post processor (PATRAN ver 9.0) and analysed with finite element 
code (ABAUQS ver 5.6) using geometry, material properties & boundary conditions 
as adopted by Brebbia et a/. (1976). S4R5 three-dimensional isotropic shell 
elements are used to model the shell. This element uses five degrees of freedom 
(three displacement components and two rotations) per node, and thus typically 
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models thin shell structures. An optimum mesh size is adopted after convergence 
study. The top edge of the shell structure is free to translate and rotate in all 
directions, while the base is completely fixed i.e. no translation and no rotation; in 
agreement to Novozhilov (1959). 
Table 6-1 gives a comparison of the natural frequencies obtained from the 
present study (Nasir & Thambiratnam 2001 a) and those obtained by Brebbia et a/. 
(1976), Carter et a/. (1969) & Deb Nath (1974). Same geometric and material 
properties have been considered in all the four cases. 
(First lateral) 
3.2882 1.7653 1.3749 1.181 
3.291 1.767 1.376 1.181 
3.290 1.765 1.375 1.181 
3.290 1.766 1.376 1.181 
Table 6-1. Finite element model verification; Comparison of present results with those 
from previously established solutions 
As can be seen, the results are quite encouraging and provide confidence in the 
subsequent analysis. The finite element based numerical model also compared well 
with the results of Tan (1998), i.e. another case study. 
6.3 DEVELOPMENT OF EMPIRICAL RELATIONSHIP 
Once the numerical model had been verified, the lowest natural frequency of 
hyperbolic axisymmetric shell structure is evaluated for sixteen different cases within 
a height range of 150 to 200m with data given in table 6-2. The throat radius is 
varied from 45 to 60m, and is chosen as 90% of the top radius & 55% of the bottom 
radius. 
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The curvature 
(6-1) 
has earlier been defined in equation (3-3). 
~h~ti)~~@) l'iV~1'""~mll~~~~~ttl~j ~~r~~;~*;!J·r~~~It~~~~ti~l~.~~~~i~,~~k~~~ ;·;"t0iAli~t 1 r~~i~~~,~w .. ···~~;~~·t~~:x::,:.•••;. ;·; ... ; .•... ;,i~·~i.::z~;·~··;·~~ ··~~·~,~l;~~!,~~~\··~',;?zB· [ tj.i .. :r, •... ~ 26·. · •c··.'·l•~;;(/~:~-~.i[i·:i.~·;. i.;·[: iiY!:,<. :;s:"V'i'' •• .~• •. :;-,,;7 ;' ; ·•···· .. 
200 60 1.37 0.6362 0.6768 0.7221 
200 55 1.30 0.6396 0.6917 0.7487 
200 50 1.24 0.6532 0.7217 0.7471 
200 45 1.20 0.6828 0.7104 0.7327 
180 60 1.46 0.7219 0.7613 0.8058 
180 55 1.37 0.7243 0.7747 0.8306 
180 50 1.30 0.7340 0.8006 0.8715 
180 45 1.25 0.7579 0.8320 0.8522 
160 60 1.58 0.8273 0.8661 0.9101 
160 55 1.48 0.8317 0.8807 0.9356 
160 50 1.38 0.8393 0.9040 0.9749 
160 45 1.32 0.8588 0.9434 1.0058 
150 60 1.66 0.8884 0.9272 0.9713 
150 55 1.54 0.8949 0.9437 0.9985 
150 50 1.44 0.9035 0.9674 1.0378 
150 45 1.36 0.9212 1.0048 1.0942 
Table 6-2. Lowest (fundamental) natural frequency (hz) of hyperbolic 
axisymmetric shell structure for three different wall thickness- sixteen cases 
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The finite element results thus obtained were used to develop an empirical 
relationship, shown in equation (6-2); 
(6-2) 
i.e. a simplified approach to work out the lowest frequency (f) of hyperbolic 
axisymmetric shell structure, with known parameters of total height (H), throat radius 
(r) and (common) curvature (K) at specific shell wall thickness (t) which is assumed 
constant throughout. In the above equation constant (C) and the exponents (a, jJ, r) 
are yet to be determined with the available data given in table 6-2. 
There are four unknowns in equation (6-2), and thus at least four sets of information 
are required for a complete solution. A set of four frequency values with appropriate 
subscripts are shown in equation (6-3) for a constant wall thickness (t), 
(6-3a) 
(6-3b) 
(6-3c) 
(6-3d) 
Taking log1o of equations (6-3a) and (6-3b) 
Log(J;)= Log(C)+aLog(HJ+ jJLog(rJ+rLog(K1) (6-4a) 
Log(/2)= Log(C)+aLog(H2 )+ fJLog(r2 )+rLog(K3 ) (6-4b) 
and so on for equations (6-4c) and (6-4d). 
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Subtracting equation (6-4b) from equation (6-4a) gives 
Log(JJ- Log(JJ = 
a{Log(H, )- Log(H2 )}+ P{Log(lj )- Log(r2 )}+ y{Log(K, )- Log(Kz)} 
(6-5) 
this can be simplified as; 
(6-6) 
and similar expressions can be obtained for the ratios of fz and ! 3 • 
!3 !4 
The equation (6-6) if expressed in matrix- vector form is; 
Wg(J,J Log(Z:J Log(;,) Wg(;:J a 
Log(1) = Wg(Z:) Log(;,) Log( ~:J p (6-7) 
Wg(~:) Log( Z:) Wg(;:) Log[~:] r 
The equation (6-7) can be solved for unknowns (a, J3, y) by matrix inversion, and 
then constant (C) could be worked out by back-substituting these exponents in 
equation (6-3). 
Using this technique a unique set of unknowns (C, a, J3, y) is evaluated in each 
cycle. Four cycles (sixteen cases as given in table 6-2) have been considered for 
specific wall thickness, and taking the average of four values of each unknown, 
following three relationships have been developed; 
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for wall thickness of 0.2m 
(6-Sa) 
for wall thickness of 0.25m 
(6-Sb) 
for wall thickness of 0.3m 
(6-Sc) 
The percentage error between the frequency obtained from finite element analysis 
and that from the empirical relationship is shown in figure 6-2. The results are quite 
encouraging with a percentage error of only ±4%. 
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Figure 6-2. Percentage error of numerical versus empirical results of lowest 
(fundamental) natural frequency for the height range of 150 to 200m 
From equations (6-8), it has been observed that the constant (C) and the exponents 
(a, J3, ;1 vary with an almost linear pattern when plotted against wall thickness. 
Figures 6-3 to 6-6 show this behavior. 
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This straight line pattern obtained from joining three points only (shown in figures 6-
2 to 6-6) needs further investigation as whether these graphs could be helpful for 
interpolation and /or extrapolation. 
The study was furthered to include the wall thickness as a parameter within 
the empirical relationship. The frequency equation now takes the form 
(6-9) 
For this purpose ninety-six different cases were considered with a shell height range 
of 100 to 200m and throat radius variation of 25 to 60m with data given in table 6-3. 
Following the same procedure as described earlier, the unknowns (C, a, f}, y, c;) 
were calculated using five equations, similar to equation (6-3), of known information 
of (H, r, K, t). 
The resulting empirical relationship is given in equation (6-1 0) as; 
(6-1 0) 
This empirical formula i.e. equation (6-10) gives frequency values that compare 
reasonably well with the numerical results, as shown in figure 6-7. 'Numerical' 
values represent results obtained from the computer aided finite element analysis, 
while 'Empirical' values are those as worked out from the equation (6-10). 
In this way, the lowest natural frequency of hyperbolic axisymmetric shell structures 
can be evaluated in one step with known information of total height (H), throat radius 
(r}, curvature (K) and wall thickness (t). This information can be helpful at the initial 
stages of design and sizing of such structures, especially when the dynamic 
response under wind and earthquake forces need to be considered. 
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Table 6-3. Lowest (fundamental) natural frequency (hz) of hyperbolic 
axisymmetric shell structure- ninety six cases 
l~i'!~t®~~~ ~ii~11~~~l~~~~i~~~~l~~il~~~~~~~~~~1!1~ '" i~~~'iif1i ~'I~ 'I"~ .'! ~~~~~~. " •. •;;~;m~jri;<.~: s;iF' . u I ·:;;H:(Wi)1Em:· I.. ·····Y •::· 
200 60 1.37 0.2 0.636221761 
200 60 1.37 0.25 0.676773530 
200 60 1.37 0.3 0.722114583 
200 55 1.30 0.2 0.639616767 
200 55 1.30 0.25 0.691747512 
200 55 1.30 0.3 0.748671348 
200 50 1.24 0.2 0.653156064 
200 50 1.24 0.25 0.721728623 
200 50 1.24 0.3 0.747079474 
200 45 1.20 0.2 0.682809949 
200 45 1.20 0.25 0.710426735 
200 45 1.20 0.3 0. 732683398 
180 60 1.46 0.2 0.721886541 
180 60 1.46 0.25 0.761286523 
180 60 1.46 0.3 0.805770529 
180 55 1.37 0.2 0.724321123 
180 55 1.37 0.25 0.774726637 
180 55 1.37 0.3 0.830554001 
180 50 1.30 0.2 0.733961445 
180 50 1.30 0.25 0.800582586 
180 50 1.30 0.3 0.871509566 
180 45 1.25 0.2 0.757935209 
180 45 1.25 0.25 0.831986176 
180 45 1.25 0.3 0.852170320 
160 60 1.58 0.2 0.827299580 
160 60 1.58 0.25 0.866086631 
160 60 1.58 0.3 0.910138087 
160 55 1.48 0.2 0.831712120 
160 55 1.48 0.25 0.880746832 
160 55 1.48 0.3 0.935636161 
cont .. 
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Table 6-3 continued 
-~-160 50 1.38 0.2 0.839336756 
160 50 1.38 0.25 0.904022493 
160 50 1.38 0.3 0.974932830 
160 45 1.32 0.2 0.858832281 
160 45 1.32 0.25 0.943427760 
160 45 1.32 0.3 1.005803837 
150 60 1.66 0.2 0.888406827 
150 60 1.66 0.25 0.927178291 
150 60 1.66 0.3 0.971288598 
150 55 1.54 0.2 0.894855656 
150 55 1.54 0.25 0.943655950 
150 55 1.54 0.3 0.998511781 
150 50 1.44 0.2 0.903503982 
150 50 1.44 0.25 0.967368829 
150 50 1.44 0.3 1.037844002 
150 45 1.36 0.2 0.921230826 
150 45 1.36 0.25 1.004833780 
150 45 1.36 0.3 1.094229298 
150 40 1.29 0.2 0.960549857 
150 40 1.29 0.25 1.039733797 
150 40 1.29 0.3 1.066682503 
150 35 1.22 0.2 0. 969513600 
150 35 1.22 0.25 1.006584242 
150 35 1.22 0.3 1.049831656 
150 30 1.16 0.2 0.938514986 
150 30 1.16 0.25 1.002979248 
150 30 1.16 0.3 1.075821491 
150 25 1.11 0.2 0.958345381 
150 25 1.11 0.25 1.075880352 
150 25 1.11 0.3 1.166085595 
140 40 1.33 0.2 1.029721412 
140 40 1.33 0.25 1. 141 031 060 
140 40 1.33 0.3 1. 173868859 
cont .. 
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Table 6-3 continued 
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140 35 1.26 0.2 1.074054159 
140 35 1.26 0.25 1.1 08945687 
140 35 1.26 0.3 1.149876566 
140 30 1.19 0.2 1.032423775 
140 30 1.19 0.25 1.093152341 
140 30 1.19 0.3 1.162441382 
140 25 1.13 0.2 1.031012060 
140 25 1.13 0.25 1.144433607 
140 25 1.13 0.3 1.267207208 
120 40 1.45 0.2 1.208592919 
120 40 1.45 0.25 1.318433247 
120 40 1.45 0.3 1.4348857 49 
120 35 1.35 0.2 1.273408636 
120 35 1.35 0.25 1.377320294 
120 35 1.35 0.3 1.414071741 
120 30 1.26 0.2 1.280025336 
120 30 1.26 0.25 1.333866554 
120 30 1.26 0.3 1.396334081 
120 25 1.18 0.2 1.244139752 
120 25 1.18 0.25 1. 345052313 
120 25 1.18 0.3 1.457384864 
100 40 1.65 0.2 1.458210211 
100 40 1.65 0.25 1.567922577 
100 40 1.65 0.3 1.685615405 
100 35 1.50 0.2 1.523753781 
100 35 1.50 0.25 1.67 4306976 
100 35 1.50 0.3 1.784807556 
100 30 1.37 0.2 1.643924959 
100 30 1.37 0.25 1. 704667577 
100 30 1.37 0.3 1. 76044361 0 
100 25 1.25 0.2 1.580593694 
100 25 1.25 0.25 1.669382867 
100 25 1.25 0.3 1. 770630036 
96 
-N 
::1: 
-1/) 
Cll 
:I 
1.5 
~ 1 
> 0 
r:: 
Cll 
:I 
0" 
!!:! 
u. 0.5 
--Numerical - - - - Empirical 
1 8 15 22 29 36 43 50 57 64 71 78 85 92 
Case# 
Figure 6-7. Comparison of numerical and empirical results for the height 
range of 1 00 to 200m 
One of the concerns in this approach is that of variation of the material 
properties; i.e. change in elastic modulus and Poisson's ratio could have effects on 
the results. lnfact, the modulus of elasticity of concrete is a function of concrete 
compressive strength (fern)· The Australian Standard for concrete structures 
(AS3600; 2001) allows the modulus of elasticity of concrete (Ec in MPa) to be taken 
equal to 
p 15 x (0.043-Jf:) (6-11) 
with p as density of concrete in Kg /m3, and concrete compressive strength (fern) 
taken in MPa. For normal-weight concrete, the density of concrete is taken not less 
than 2400 Kg /m 3 (AS3600; 2001 ). Therefore elastic modulus of concrete can be 
evaluated using the characteristic compressive strength of concrete of the standard 
strength grades of concrete, using equation (6-11 ). Table 6-4 provides this 
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information of respective E values (in GPa) for different grades of concrete with 28 
days cylinder strength (in MPa). 
20 25 32 40 50 
23 25 28 32 36 
Table 6-4. Modulus of elasticity for different grades of concrete 
To consider the effect of the strength of concrete, three cases defined in table 6-5 
were studied under five different Ec values given in table 6-4. 
Height Throat Shell wall 
radius thickness 
(m) (m) (m) 
200 60 0.2 
150 50 0.3 
100 40 0.25 
Table 6-5. Three different cases considered for evaluating modified 
relationship with material properties 
It has been observed that the lowest natural frequency of the hyperbolic 
axisymmetric shell structure obtained from equation (6-1 0) could be modified for Ec 
values using equation (6-12). 
jE = f(eq .. 6-IO) xJfs. (6-12) 
where 
fE = Modified frequency under specific Ec value 
f(eq .. 6-10) = Frequency value obtained from equation (6-1 0) 
Ec = Modulus of elasticity of concrete (in Gpa) 
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Similar studies are conducted for different values of Poisson's ratio, and it is 
observed that the variation in frequency is insignificant. Thus the modification 
proposed in equation (6-12) has been assumed sufficient for treating shells with 
different grades of concrete. 
It has to be remarked that the above expressions for evaluating the lowest 
frequency are only approximate. The study carried out demonstrated the possibility 
of developing such an expression. Such a study can be extended to include more 
parameters and to give a more accurate value of the lowest frequency. These 
parameters are: throat height and different curvatures of the hyperbolic shell above 
and below the throat. However, with sophisticated finite element programs and fast 
computers such an elaborate study may not be justified. 
6.4 FREE VIBRATION ANALYSIS 
As mentioned in section 6.2, a parametric study is conducted to investigate 
the sensitivity of variation of wall thickness, height and curvature on the free 
vibration response of hyperbolic axisymmetric shell structures. The hyperbolic shell 
structure examined as a starting point, is based upon an existing cooling tower 
located at Stanwell Power Station, west of Rockhampton in Queensland Australia, 
shown in figure 6-8. 
The structure has a total height of 121.5m with base, throat and top radii of 
45.30m, 27.89m and 29.02m respectively. The throat is located 95.6m above the 
base of the shell. A constant shell wall thickness of 240mm and fixed base support 
conditions are considered in the finite element model. Reinforced concrete has 
been considered with a unit weight of 25 KN/m3, Poisson's ratio of 0.2 and elastic 
modulus of 39 GPa. 
Three separate cases were treated where one parameter was varied at a 
time, keeping the others constant. To study the effect of shell thickness (case 1), 
this is varied between 180mm and 300mm, keeping the 121.5m height constant. In 
the next stage (case 2), the wall thickness is maintained constant at 240mm and the 
height is varied between 1 01.5m and 161.5m, by evenly adding or removing heights 
from both the upper and lower hyperbolas of the existing Stanwell tower. The base 
and top radii are altered during this process so as to maintain the same upper and 
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lower curvatures. Lastly, the curvature of the 121.5m high Stanwell tower is varied 
by altering the throat radius while the base and cornice radii are constant (case 3). 
The throat radius is altered between 12.89m and 28.89m and this provided a range 
of curvature (k) as defined in equation (6-1). 
Figure 6-8. Hyperbolic cooling tower at Stanwell Power station, 
Queensland Australia 
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6.4.1 Results and Discussion 
Tables 6-6 to 6-8 show the results for the periods of vibration for the three 
cases treated. All the early modes are circumferential in nature, while the lateral 
modes occur very much later, beyond the 1oth mode for the range of properties 
used. In this discussion "mode numbers" refer to the order of increasing value of the 
natural frequency (or decreasing values of the periods) irrespective of the dominant 
shape of the mode. The variations of the highest period of vibration (T1) with shell 
thickness and height are approximately linear and the changes in T1 are 18% and 
35% respectively, in the range of 'wall thicknesses' and 'heights' considered, as 
shown in figures 6-9 & 6-10. The period of the first (dominant) lateral mode is 
unaffected by a change in the thickness as evident from the Table 6-6, but it occurs 
earliest in the thickest shell. Table 6-7 shows that the (dominant) lateral mode is 
earliest in the tallest shell and that the periods of vibration increase with height. The 
results in Table 6-8 are for the 121.5m high shells having constant wall thickness of 
240mm with a change of curvature. 
0.782 0.722 0.668 0.660 0.653 
0.680 0.674 0.662 0.61 I 0.567 
0.646 0.615 0.596 0.577 0.557 
0.633 0.582 0.549 0.549 0.548 
0.294 0.294 0.294 0.294 0.294 
(28) (24) (21) (19) (17) 
Table 6-6. Circumferential and lateral periods of vibration of hyperbolic 
axisymmetric shell structure of same height and curvature with variation in 
shell wall thickness 
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0.856 
Period (s) 0.609 0.668 0.701 0.837 
Period (s) 0.599 0.662 0.699 0.731 
Period (s) 0.535 0.596 0.654 0.725 
0.498 0.549 0.641 0.712 
0.223 0.294 0.378 0.475 
(26) (21) (17) (13) 
Table 6-7. Effect of height on the periods of vibration of hyperbolic 
axisymmetric shell structure 
Upper curvature (K1) 1.417 1.313 1.241 1.214 1.154 1.047 1.006 
Lower curvature (Kb) 1.098 1.089 1.083 1.080 1.076 1.067 1.065 
0.706 0.584 0.582 0.592 0.645 0.723 0.747 
Period (s) 0.597 0.574 0.578 0.582 0.587 0.666 0.721 
Period (s) 0.505 0.492 0.525 0.539 0.563 0.662 0.703 
Period (s) 0.462 0.449 0.493 0.495 0.490 0.593 0.664 
0.460 0.426 0.466 0.473 0.490 0.549 0.569 
0.356 0.305 0.296 0.294 0.293 0.294 0.295 
(10) (13) (14) (15) (20) (21) (22) 
Table 6-8. Effect of curvature (variation in throat radius) on the periods of vibration of 
hyperbolic axisymmetric shell structure 
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The variation of period of vibration and associated mode shapes with 
curvature has been observed as an interesting phenomenon. Figure 6-11 shows 
the graphical variation of highest (also referred to as fundamental) period with upper 
curvature k1• It can be seen that the period decreases almost linearly by 20%, with 
increase in upper curvature k1, till the trend reverses at 21.89m throat radius, after 
which there is an increase in the highest period with increase in curvature. This 
trend is observed with the other early modes as well, shown in Figure 6-12. The 
initial straight line portion of this observation is in agreement with earlier 
investigations (Yeh and Shieh, 1973; Zerna and Mungan, 1980) who showed that 
stiffness of the structure increases with increase in meridional curvature resulting in 
increase of T1. But the reversing of this trend at a certain value of curvature is a 
new development in shape optimisation of axisymmetric shell structures (Austin et 
a/., 2001; Gould and Zingoni, 2001 ). 
Further investigation reveals that, for the initial straight line portion of the 
graph, there are four circumferential waves in the fundamental mode shape as 
shown in Figure 6-13, till the trend reverses at which the number of waves 
decreases to three, shown in Figure 6-14. The same behaviour has been observed 
with the second mode i.e. change in mode shape occurs when trend in the curve is 
reversed. Thus the period of vibration and mode shape has been observed to be 
sensitive to change in the curvature and this can significantly influence the dynamic 
response of the shell. 
From the above discussion, it is evident that when a parametric study is 
conducted, the first laterally dominant mode of vibration is earliest for tallest and 
thickest shells and for the shell with the highest curvature. For wind analysis the 
circumferential modes are important as they make a significant contribution. Hence, 
the highest period (lowest frequency) will be of primary interest, regardless of the 
number of circumferential waves. For earthquake analysis, on the other hand, 
lateral modes are important and hence the period corresponding to the first 
(dominant) mode of lateral vibration will be of primary interest. It is also important to 
note that even though the first (dominant) lateral mode occurs very late (after the 
1oth mode in the cases considered), its period lies within the critical band of most 
earthquakes and this needs to be considered in seismic design of hyperbolic shells. 
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Figure 6-9. Variation of lowest (fundamental) natural period of vibration with 
wall thickness of hyperbolic axisymmetric shell structure 
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Figure 6-10. Variation of lowest (fundamental) natural period of vibration 
with height of hyperbolic axisymmetric shell structure 
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Figure 6-11. Effect of curvature on the lowest (fundamental) period of vibration 
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Figure 6-12. Effect of curvature on (first five) periods of vibration 
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0.8 
Plan view 
Isometric view 
Figure 6-13. Four circumferential waves in the lowest (fundamental) period of 
vibration 
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Plan view 
Isometric view 
Figure 6-14. Three circumferential waves in the lowest (fundamental) period of 
vibration 
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Another important aspect that could affect the mode shape and frequency of 
vibration is the provision of opening in the shell structure (such as for flume gas 
pipes in cooling towers - Eckstein & Nunier, 1998; Gould eta/., 1998; Waszczyszyn et 
a/.,2000). 
For this purpose two holes, 8m x 8m in size, are assumed at quarter height 
and shell response is studied for the fundamental period at three different 
curvatures. All these shells are 121.5m high with a uniform shell wall thickness of 
240mm. No significant difference (max 2%) in the response has been observed, as 
evidenced by the comparative study given in the table 6-9 for the highest period. 
Same is true for other early periods of vibration (up to first five). 
0.722563 0.729448 
0.644933 0.654365 1.46 
0.582001 0.595274 2.28 
Table 6-9. Effect of opening in the shell wall of hyperbolic cooling tower with 
different curvatures 
6.5 CONCLUSION 
This chapter has treated the free vibration characteristics of hyperbolic shells 
and has evaluated the effects of important parameters. The major findings and 
outcomes of this aspect of the study are: 
•!• Development of an approximate expression for the lowest frequency of 
hyperbolic shells. 
•!• Natural period of shell decreases with thickness, but increases with height, in 
almost a linear manner; useful information in initial sizing of shells. 
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•!• Important information on the effect of curvature on the early modes of 
vibration (and hence on dynamic response) that has a complex behaviour. 
The periods of the first five modes decrease with increase in curvature up to 
a point and then the trend reverses, which is accompanied by a change in 
circumferential mode shape (change in number of waves). 
•!• Small openings have insignificant effect on the frequencies of the early 
modes of vibration. 
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CHAPTER 
SEVEN 
TRANSIENT RESPONSE OF HYPERBOLIC SHELLS 
Many shell structures are tall with a height range of 1OOm - 200m, such as 
those used as a planetarium or as a cooling tower. During recent times, there has 
been an increase of seismic activity with the collapse and failure of many structures. 
Taller hyperbolic shells have natural periods of vibration within the band of dominant 
periods of earthquakes (chapter 6). For an efficient and safe shell design it is 
imperative to determine dynamic performance characteristics under seismic loading, 
which is the topic of this chapter. 
7.1 TRANSIENT RESPONSE ANALYSIS 
Transient response of the axisymmetric hyperbolic shell structure to 
earthquake loading has been analysed by direct integration using time history 
records of Tenant_Creek & EI_Centro earthquakes. Acceleration versus time 
records for these earthquakes are shown in figures 7-1 & 7-2 respectively. The 
Tenant_Creek earthquake occurred on 22nd January 1988 in Australia and had large 
accelerations for a very short time while the El_ Centro earthquake occurred on 18th 
May 1940 at the Imperial Valley in California, USA and had larger accelerations over 
an extended period of time. 
In time history analysis, it is important that consideration is given to modal 
analysis results. Observing the first five modal periods of all the hyperbolic shells 
(analysed in chapter 6), it is clear that the first five modes are predominantly 
circumferential in nature and have periods in the range approximately 0.43 to 0.96 
seconds, with the periods of the first mode ranging from 0.58 to 0.96 seconds. The 
periods of the first laterally dominant modes, on the other hand, are found to range 
from 0.22 to 0.48 seconds. These periods lie within the critical band of seismic 
periods for dynamic seismic analysis. 
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Figure 7-1. Acceleration versus time history record of the Tenant_ Creek earthquake 
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Figure 7-2. Acceleration versus time history record of the El_ Centro earthquake 
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50 
If the response spectrum method is used in seismic analysis, it will require the use 
of the maximum spectral accelerations for design. For shells taller than 200m, the 
period of vibration of the first lateral mode will become even more critical and could 
result in resonance with one of the seismic periods. Seismic loads are modelled in 
the finite element time history analysis as ground accelerations applied at the base 
of the structure, and the response is obtained by direct integration using time history 
records. The time step in numerical integration is set to be at most 0.1 times the 
period of the highest numbered mode being considered in order to include the 
contribution of all modes up to that, however, it must be realised that the seismic 
effects are highly random and that any two earthquakes can have different dominant 
component frequencies. 
7.2 SINUSOIDAL GROUND EXCITATION 
In order to investigate the dynamic response of hyperbolic axisymmetric 
shells to earthquakes in general, and the effect of the period of input acceleration in 
particular, sinusoidal loadings (of unit amplitude as given in expression in 7-1) with 
four different time periods (T); 0.5sec, 0. 75sec, 1.00sec, and 1.50sec are applied for 
a total time of 2 seconds with a time step (t) of 0.05sec (::::0.1 times the lowest period 
of vibration). 
u.r? = (1.0 )x sin 2ff t 
T 
(7 -1) 
Shells with three different throat radii of 27.89m, 24.89m, and 21.89m are 
considered keeping all other parameters same as that of the Stanwell tower. The 
trend in the variation of the early periods with curvature and the accompanying 
change in mode shape were observed in the hyperbolic shell with a throat radius of 
21.89m (shown earlier in figures 6-11 & 6-12). Figure 7-3 shows displacement 
response of this shell (with throat radius of 21.89m) under four above-mentioned 
sinusoidal excitations. Effects of period of input excitation and curvature on the 
response of maximum lateral displacement and maximum (meridional & hoop) 
stresses are shown in figures 7-4 to 7-8. It has to be noted that in this parametric 
study, the unit amplitude of the input excitation, as defined in equation (7-1) is only 
representative and real earthquakes will have larger amplitudes. Nevertheless, the 
results help to identify the important trends in dynamic response. 
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Figure 7-3. Displacement response of hyperbolic shell with throat radius 21.89m under 
sinusoidal ground accelerations 
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Figure 7-5. Effect of sinusoidal ground accelerations on 'maximum 
compressive meridional stress' 
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Figure 7-6. Effect of sinusoidal ground accelerations on 'maximum tensile 
meridional stress' 
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hoop stress' 
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Figure 7-8. Effect of sinusoidal ground accelerations on 'maximum tensile hoop 
stress' 
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7.2.1 Results and Discussion 
From these figures (7-3 to 7-8) it is evident that the period of the input 
excitation and curvature can have a significant effect on the dynamic response. The 
response increases with a reduction in the period of the input excitation and is 
highest at the period of 0.5 sec. The displacement response at top of the shell 
structure has increased by more than 100% in T =0.5sec as compared to T =1.50sec 
at a time step of 0.6sec, as shown in figure 7-3. Figure 7-4 provides the comparison 
of maximum displacement responses where the maximum top lateral deflection in 
21.89m radius shell has increased by 5% compared to the Stanwell tower. Figures 
7-5 & 7-6 show the maximum meridional stresses while figures 7-7 & 7-8 show the 
maximum hoop stresses. Tensile meridional stresses decrease with increase in 
curvature (or decrease in throat radius), but hoop stresses on the other hand 
increase with curvature. These variations are 13% and 15% respectively for 
meridional and hoop stresses. The compressive stresses also respond in the same 
fashion with variation of 12% and 1 0% for meridional and hoop stresses 
respectively. 
7.3 EARTHQUAKE LOADING 
The Tenant_Creek earthquake is applied to six hyperbolic shell models with 
different height, wall thickness & curvature values whose data is given in table 7-1. 
101.5 240 27.89 
121.5 300 27.89 
121.5 180 27.89 
121.5 240 21.89 
121.5 240 27.89 
Table 7-1. Six different models analysed for transient earthquake loading 
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Figures 7-9 to 7-15 show the response of deflections and stresses along the shell 
height for different models defined in table 7-1. 
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7.3.1 Results and Discussion 
The above results (figures 7-9 to 7 -15) have been obtained at one of the 
most critical time steps, at which deflections and /or stresses are maximum. 
Numerical instabilities have been observed in circumferential hoop stress response 
(figures 7-11, 7-13 & 7-15), the possible reason for this may be; 
• ground excitation being applied at the base of the structure and 
circumferential stress response has thus been affected seriously at bottom, 
• the maximum response in each case does not lie at the same time step. 
During the earthquake, these stresses keep on reversing from tension to 
compression and vice versa, as shown in figure 7-16, that shows meridional stress 
at a certain height along the circumference at two different time steps of 
Tenant_Creek earthquake. One time step induces maximum tensile stress and 
other time step induces maximum compressive stress in the shell structure. 
-Maximum tensile 
.... ·Maximum compressive 
Figure 7-16, Maximum tensile and compressive meridional stress response along 
the circumference under Tenant_ Creek earthquake loading 
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From the results, it can be seen that the tallest shell structure experiences 
some of the largest deflections and stresses, verifying the earlier investigations by 
Busch et al (1998). The value of top deflection is increased by 78% in ht_161 (the 
tallest structure) and decreased by 48% in ht_1 01 (the shortest structure) when 
compared to the Stanwell cooling tower, as shown in figure 7-9. The meridional 
stress at the base is increased by 50% in ht_161 & decreased by 47% in ht_1 01 
while ht_161 also has a significantly high stress at the throat level, that can affect 
the design parameters, as shown in figure 7-10. The hoop stresses are more critical 
at the top, and increased by 18% in ht_161 & decreased by 30% in ht_1 01, as 
shown in figure 7-11. 
Comparison of models of the same height but different wall thicknesses 
indicate higher stress resultants in shells with thicker walls, as shown in figures 7-12 
& 7-13. The stress resultants have been worked out by multiplying the average 
stresses by corresponding wall thickness, as done by Gould [1985]. The stresses 
on the other hand are almost identical in all the three cases but the amount of 
reinforcement required in thicker shell will obviously be less than that required in the 
thinner shell. 
The curvature once again has significant effect. As kt increases (due to a 
decrease in throat radius) the meridional stress at throat level has increased by 
more than four times, as shown in figure 7-14, while the hoop stress has increased 
by 60% at top, by 30% at a level 15m above the base and has experienced a 
significant increase of up to 600KPa at throat level, as shown in figure 7-15. These 
observation are in agreement with the findings of the previous section that hoop 
stresses increase with increase in curvature and meridional stresses decrease with 
increase in curvature. 
Models 4, 5 & 6 (of table 7-1) which have the same height, but different 
thickness and curvature, are also analysed under the EI_Centro earthquake and 
exhibit much of the same behaviour as observed under the Tenant_Creek 
earthquake. The response is shown in figures 7-17 to 7-21. The main difference 
observed between the results is that the deflections and stresses are far greater 
than those of the Tenant_ Creek earthquake. This is expected given the previously 
discussed features of the acceleration versus time histories of these earthquakes 
and the significantly larger duration of the EI_Centro earthquake. 
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7.4 CONCLUSION 
This chapter has investigated the response of the hyperbolic shell under 
ground excitation and has determined the effects of thickness, height, curvature, 
period of excitation and earthquake type on the response. Stress and deflection 
responses under two earthquake records are obtained. To examine the influence of 
the period of input ground acceleration, response under sinusoidal ground 
excitations with different time periods are used. The compatibility in the results 
under both types of ground accelerations (sinusoidal and actual earthquakes) 
provides confidence in the following outcomes that will influence shell design; 
•!• Curvature has been identified as an important parameter and thus it has 
significant effects not only on the static but also on dynamic response of 
axisymmetric shell structures. 
•!• Hoop stresses increase with curvature while meridional stresses decrease 
with curvature under dynamic ground accelerations. This information will 
require the establishment of a curvature to limit these stresses to desirable 
levels in seismic design. 
•!• Period of excitation of the ground acceleration has significant influence on 
the dynamic response with lower periods of excitation yielding larger 
responses. 
•!• Dynamic response of hyperbolic shells is earthquake specific, especially for 
taller shells (1OOm - 200m) and hence the careful choice of a design 
earthquake is important in shell design. 
•!• Natural periods of taller shells in the height range 1OOm - 200m which 
includes most cooling towers and larger structures, lie within the dominant 
periods of most earthquake records, requiring careful evaluation of dynamic 
performance characteristics at design stage. 
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CONCLUSION 
CHAPTER 
EIGHT 
In this thesis the finite element method has been used to treat axisymmetric 
shell structures. A numerical procedure incorporating the finite element method and 
an optimisation routine has been developed and applied to determine and compare 
the performance characteristics of axisymmetric shells and thereby seek an 
optimum shell shape for multi-use. The outcomes of the investigation supported the 
preliminary work carried out by others (Yeh and Shieh, 1973; Gould, 1977; Zerna 
and Mungan, 1980; Busch et a/., 1998) and proceeded beyond that to establish 
behavioural patterns based on shape and stiffness properties of the shells. 
The major findings of initial aspect (static analysis) in the project are: 
•!• Optimisation of shell structures carried out in the project, has confirmed the 
possibility of not only improved shell designs but also better choice of shapes 
and large saving of material. 
•!• Thickness of the shell structure can be optimised in a piecewise pattern for 
any form of shell of revolution and this will facilitate ease of construction. 
•!• The hyperbolic shell has been identified as the optimum (most economical 
and efficient) shape of axisymmetric shells in many applications. 
The study then treated the free vibration characteristics of the hyperbolic 
shell and evaluated the effects of important parameters. Using the results obtained 
from numerous runs of finite element models having different geometries, empirical 
relationships were developed to predict the fundamental natural frequency of 
hyperbolic shell within a height range of 100 to 200m with known parameters of 
height, throat radius, curvature and shell wall thickness. 
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The major findings and outcomes of this aspect of the study are: 
•!• Development of approximate expressions for the lowest frequency of 
hyperbolic shells which will be very useful to designers to ensure that the 
lowest frequency does not lie within the critical band of dynamic excitation. 
•!• Natural period of shell decreases with thickness, but increases with height, in 
almost linear patterns, and this information will be useful in initial sizing of 
shells. 
•!• Important information on the effect of curvature on the periods of the early 
modes of vibration (and hence dynamic response) which has a complex 
variation with a reversal in the trend accompanied by a change in mode 
shape. This knowledge will enable the careful choice of curvature in design 
to obtain the desired dynamic response. 
•!• Openings in the shell wall (sometime necessary - such as provision of flume 
gas pipelines in cooling towers), have been observed of causing insignificant 
effect on frequencies of the early modes of vibration, keeping in mind that 
such openings are small as compared to the total volume of the structure 
itself. 
Finally, this thesis investigated the response of the hyperbolic shell under 
ground excitation and determined the effects of thickness, height, curvature, period 
of excitation and earthquake type on the response. Stress and deflection responses 
under two well-known earthquake records, viz; Tenant_Creek (Australia) and 
EI_Centro (USA) were obtained. To examine the influence of the period of input 
ground acceleration, response under sinusoidal ground excitations with different 
time periods were used. The compatibility in the results under both types of ground 
accelerations (sinusoidal and actual earthquakes) provides confidence in the 
following outcomes which will influence shell design; 
•!• Curvature has been identified as an important parameter and it has 
significant effects not only on the static but also on dynamic response of 
axisymmetric shell structures. 
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•!• Hoop stresses increase with curvature while meridional stresses decrease 
with curvature under dynamic ground accelerations. This information will 
require the establishment of a curvature to limit these stresses to desirable 
levels in seismic design. 
•!• Period of excitation of the ground acceleration has significant influence on 
the dynamic response with lower periods of excitation yielding larger 
responses. 
•!• Dynamic response of hyperbolic shells is earthquake specific, especially for 
taller shells (1OOm - 200m) and hence the careful choice of a design 
earthquake is important in shell design. 
•!• Natural periods of taller shells in the height range 1OOm - 200m which 
includes most cooling towers and larger structures, lie within the dominant 
periods of most earthquake records, requiring careful evaluation of dynamic 
performance characteristics at design stage. 
In short, the outcome of this thesis has been the generation of new research 
information on performance characteristics of axisymmetric shell structures, 
identification of an optimum shell shape and a simple expression for its lowest 
frequency. All of these will facilitate improved designs of shells with better choice of 
shapes and enhanced levels of economy and performance. 
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APPENDIX 
Source Code for volume optimisation of axisymmetric shell 
structures under axisymmetric and non-axisymmetric loading 
using MSC /NASTRAN ver 70.5 
ID MSC, Hyperbolic Cooling Tower - Wind 
$ Displacement Constraint of 5cm 
SOL 200 
TIME 600 
CEND 
TITLE DLINK - Hyperbolic Cooling Tower 200m - WIND LOAD 
ECHO 
SPC 
OLOAD 
DISP 
STRESS 
DESOBJ 
SUBCASE 
NONE 
2 
ALL 
ALL 
1 
ALL 
3500 
SUBTITLE=DefauLT 
ANALYSIS = STATICS 
LOAD = 2 
DESSUB = 40 
$ 
BEGIN BULK 
$ Direct Text Input for Bulk Data 
$ Elements and Element Properties for region 
PSHELL 1 1 .1 1 
$ Pset: "T1" will be imported as: "pshell.1" 
CQUAD4 1 1 1 17 18 
CQUAD4 2 1 2 18 19 
CQUAD4 3 1 3 19 20 
CQUAD4 4 1 4 20 21 
CQUAD4 5 1 5 21 22 
CQUAD4 6 1 6 22 23 
CQUAD4 7 1 7 23 24 
CQUAD4 8 1 8 24 25 
CQUAD4 9 1 9 25 26 
CQUAD4 10 1 10 26 27 
$ Elements and Element Properties for region 
PSHELL 2 1 .1 1 
$ Pset: "T2" will be imported as: "pshell.2" 
CQUAD4 3001 2 16 32 3234 
CQUAD4 3002 2 3218 3234 3235 
CQUAD4 3003 2 3219 3235 3236 
CQUAD4 3004 2 3220 3236 3237 
CQUAD4 3005 2 3221 3237 3238 
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Tl 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
T2 
1 
3218 
3219 
3220 
3221 
3222 
$ Elements and Element Properties for region T3 
PSHELL 3 1 .1 1 1 
$ Pset: 
CQUAD4 
CQUAD4 
"T3" will be imported as: "pshell.3" 
6001 3 3232 3248 6450 
6002 3 6434 6450 6451 
$ Elements and Element Properties for region T4 
6434 
6435 
PSHELL 4 1 .1 1 1 
$ Pset: 
CQUAD4 
CQUAD4 
"T4" will be imported as: "pshell.4" 
9001 4 6448 6464 9666 
9002 4 9650 9666 9667 
$ Elements and Element Properties for region T5 
9650 
9651 
PSHELL 5 1 .1 1 1 
$ Pset: 
CQUAD4 
CQUAD4 
"T5" will be imported as: "pshell.5" 
12001 5 9664 9680 12882 
12002 5 12866 12882 12883 
$ Elements and Element Properties for region T6 
12866 
12867 
PSHELL 6 1 .1 1 1 
$ Pset: 
CQUAD4 
CQUAD4 
"T6" will be imported as: "pshell.6" 
15001 6 12880 12896 16098 
15002 6 16082 16098 16099 
$ Elements and Element Properties for region T7 
16082 
16083 
PSHELL 7 1 .1 1 1 
$ Pset: 
CQUAD4 
CQUAD4 
"T7" will be imported as: "pshell.7" 
18001 7 16096 16112 19314 
18002 7 19298 19314 19315 
19298 
19299 
$ Elements and Element Properties for region T8 
PSHELL 8 1 .1 1 1 
$ Pset: 
CQUAD4 
CQUAD4 
"T8" will be imported as: "pshell.8" 
21001 8 19312 19328 22530 
21002 8 22514 22530 22531 
22514 
22515 
$ Elements and Element Properties for region T9 
PSHELL 9 1 .1 1 1 
$ Pset: 
CQUAD4 
CQUAD4 
"T9" will be imported as: "pshell.9" 
24001 9 22528 22544 25746 
24002 9 25730 25746 25747 
$ Elements and Element Properties for region : 
PSHELL 10 1 .1 1 
$ Pset: "T10" will be imported as: "pshell.10" 
CQUAD4 27001 10 25744 25760 28962 
CQUAD4 27002 10 28946 28962 28963 
$ Elements and Element Properties for region : 
PSHELL 11 1 .1 1 
$ Pset: "T11" will be imported as: "pshell.11" 
CQUAD4 30001 11 28960 28976 32175 
CQUAD4 30002 11 32162 32175 32176 
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25730 
25731 
TlO 
1 
2894 6 
28947 
Tll 
1 
32162 
32163 
$ Elements and Element Properties for region T12 
PSHELL 12 1 .1 1 1 
$ Pset: 
CQUAD4 
CQUAD4 
"T12" will be imported as: "pshell.12" 
32401 12 32173 32186 34788 
32402 12 34775 34788 34789 
34775 
34776 
$ Elements and Element Properties for region : Tl3 
PSHELL 13 1 .1 1 1 
$ Pset: "T13" will be imported as: "pshell.13" 
CQUAD4 34801 13 34786 34799 37401 
CQUAD4 34802 13 37388 37401 37402 
37388 
37389 
$ Elements and Element Properties for region : T14 
PSHELL 14 1 .1 1 1 
$ Pset: "T14" will be imported as: "pshell.14" 
CQUAD4 37201 14 37399 37412 40014 
CQUAD4 37202 14 40001 40014 40015 
40001 
40002 
$ Elements and Element Properties for region : Tl5 
PSHELL 15 1 .1 1 1 
$ Pset: "T15" will be imported as: "pshell.15" 
CQUAD4 39601 15 40012 40025 42627 
CQUAD4 39602 15 42614 42627 42628 
$ Referenced Material Records 
$ Material Record : concrete 
$ Description of Material : Date: 01-May-00 
MATl* 1 2.8+10 
* 23600. 
$ Nodes of the Entire Model 
GRID 1 76.2699 0. 
GRID 2 75.9337 0. 
GRID 3 75.5975 0. 
GRID 4 75.2614 0. 
GRID 5 74.9256 0. 
GRID 6 74.5900 0. 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
GRID 
7 
8 
9 
10 
45201 
45202 
45203 
45204 
45205 
45206 
45207 
45208 
45209 
45210 
45211 
45212 
74.2546 
73.9197 
73.5852 
73.2511 
0. 
0. 
0. 
0. 
43.6629-1.37259 
43.7072-1.37399 
43.7527-1.37542 
43.7992-1.37688 
43.8464-1.37836 
43.8941-1.37986 
43.9421-1.38139 
43.9902-1.38290 
44.0380-1.38440 
44.0854-1.38589 
44.1322-1.38736 
44.1781-1.38881 
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-142. 
-141.081 
-140.163 
-139.244 
-138.326 
-137.408 
-136.489 
-135.570 
-134.651 
-133.732 
47.3740 
48.3401 
49.3062 
50.2722 
51.2382 
52.2041 
53.1701 
54.1360 
55.1020 
56.0679 
57.0339 
57.9999 
42614 
42615 
Time: 20:27:39 
.167 
$ Loads for Load Case Default 
SPCADD 2 1 
LOAD 2 1. 1. 1 1. 3 
$ Displacement Constraints of Load Set fixed 
SPC1 1 123456 1 17 33 49 65 81 
97 113 129 145 161 177 193 209 
225 241 257 273 289 305 321 337 
353 369 385 401 417 433 449 465 
481 4 97 513 529 545 561 577 593 
609 625 641 657 673 689 705 721 
737 753 769 785 801 817 833 84 9 
865 881 897 913 929 945 961 977 
993 1009 1025 1041 1057 1073 1089 1105 
1121 1137 1153 1169 1185 1201 1217 1233 
1249 1265 1281 1297 1313 1329 1345 1361 
1377 1393 1409 1425 1441 1457 1473 1489 
1505 1521 1537 1553 1569 1585 1601 1617 
1633 1649 1665 1681 1697 1713 1729 1745 
1761 1777 1793 1809 1825 1841 1857 1873 
1889 1905 1921 1937 1953 1969 1985 2001 
2017 2033 2049 2065 2081 2097 2113 2129 
2145 2161 2177 2193 2209 2225 2241 2257 
2273 2289 2305 2321 2337 2353 2369 2385 
2401 2417 2433 2449 2465 2481 2497 2513 
2529 2545 2561 2577 2593 2609 2625 2641 
2657 2673 2689 2705 2721 2737 2753 2769 
2785 2801 2817 2833 2849 2865 2881 2897 
2913 2929 2945 2961 2977 2993 3009 3025 
3041 3057 3073 3089 3105 3121 3137 3153 
3169 3185 
$ Pressure Loads of Load Set : wind 
PLOAD4 1 1 -736.070 THRU 15 
PLOAD4 1 16 -733.117 THRU 30 
PLOAD4 1 31 -727.196 THRU 32 
PLOAD4 1 33 -727.196 THRU 45 
PLOAD4 1 46 -718.270 THRU 60 
PLOAD4 1 61 706.296 THRU 75 
PLOAD4 1 76 -691.226 THRU 90 
PLOAD4 1 91 672.987 THRU 105 
PLOAD4 1 106 -651.497 THRU 120 
PLOAD4 1 121 -626.698 THRU 135 
PLOAD4 1 136 -598.529 THRU 150 
PLOAD4 1 151 -566.904 THRU 165 
......... 
.. .. . . . . 
. . . . . . 
PLOAD4 1 41967 -727.196 THRU 41971 
PLOAD4 1 41972 -727.196 THRU 41973 
PLOAD4 1 41974 -727.196 
PLOAD4 1 41975 -727.196 
PLOAD4 1 4197 6 -727.196 
PLOAD4 1 41977 -733.117 THRU 41978 
PLOAD4 1 41979 -733.117 THRU 41986 
PLOAD4 1 41987 -733.117 THRU 41988 
PLOAD4 1 41989 -736.070 THRU 42000 
$ Gravity Loading of Load Set Gravity 
GRAV 3 0 1. 0. 0. -1. 
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$ DESIGN VARIABBLES FOR LOWER & UPPER BOUNDS 
$ 
DESVAR, 1, T1, 0.1, 0.05, 1.0 
DESVAR, 2, T2, 0.1, 0.05, 1.0 
DESVAR, 3, T3, 0.1, 0.05, 1.0 
DESVAR, 4, T4, 0.1, 0.05, 1.0 
DESVAR, 5, T5, 0.1, 0.05, 1.0 
DESVAR, 6, T6, 0.1, 0.05, 1.0 
DESVAR, 7, T7, 0.1, 0.05, 1.0 
DESVAR, 8, T8, 0.1, 0.05, 1.0 
DESVAR, 9, T9, 0.1, 0.05, 1.0 
DESVAR, 10, T10, 0.1, 0.05, 1.0 
DESVAR, 11, T11, 0 .1, 0.05, 1.0 
DESVAR, 12, T12, 0.1, 0.05, 1.0 
DESVAR, 13, T13, 0.1, 0.05, 1.0 
DESVAR, 14, T14, 0. 1, 0.05, 1.0 
DESVAR, 15, T15, 0 .1, 0.05, 1.0 
$ 
$ THIS GROUP WILL BE THE INDEPENDENT DESIGN VARIABLES 
DESVAR, 111, ALPHA1, . 020, -l.E+10,1.E+10 
DESVAR, 112, ALPHA2, .020, -1.E+10,1.E+10 
DESVAR, 113, ALPHA3, .020, -1. E+10, 1. E+10 
$ 
$ EXPLICIT DESIGN VARIABLE LINKING 
$ 
$DLINK, ID, DDVID, co, CMULT, IDV1, C1, IDV2, 
+ 
$+, IDV3, C3, 
DLINK, 1, 1, 111, 1. 0, 112, 
+DL1 
+DL1, 113, 1.0 
DLINK, 2, 2, 111, 1. 0, 112, 
+DL2 
+DL2, 113, 0. 871 
DLINK, 3, 3, 111, 1. 0, 112, 
+DL3 
+DL3, 113, 0.751 
DLINK, 4, 4, 111, 1. 0, 112, 
+DL4 
+DL4, 113, 0.64 
DLINK, 5, 5, 111, 1. 0, 112, 
+DL5 
+DL5, 113, 0.5378 
DLINK, 6, 6, 111, 1. 0, 112, 
+DL6 
+DL6, 113, 0.44 
DLINK, 7, 7, 111, 1. 0, 112, 
+DL7 
+DL7, 113, 0.36 
DLINK, 8, 8, 111, 1. 0, 112, 
+DL8 
+DL8, 113, 0.284 
DLINK, 9, 9, 111, 1. 0, 112, 
+DL9 
+DL9, 113, 0.2178 
DLINK, 10, 10, 111, 1. 0, 112, 
+DL10 
+DL10, 113, 0.16 
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C2, 
1. 0, 
0.933, 
0. 8 67, 
0. 8, 
0.733, 
0.67, 
0. 6, 
0.533, 
0.467, 
0. 4, 
DLINK, 11, 11, 111, 1. 0, 112, 0.33, 
+DLll 
+DL11, 113, 0.11 
DLINK, 12, 12, 111, 1. 0, 112, 0. 2 671 
+DL12 
+DL12, 113, 0. 071 
DLINK, 13, 13, 111, 1. 0, 112, 0.2, 
+DL13 
+DL13, 113, 0.04 
DLINK, 14, 14, 111, 1. 0, 112, 0.13, 
+DL14 
+DL14, 113, 0.0178 
DLINK, 15, 15, 111, 1. 0, 112, 0.067, 
+DL15 
+DL15, 113, 0.0044 
$ 
$ EXPRESS ANALYSIS MODEL PROPERTIES LINEARLY IN TERMS OF DESIGN 
VARIABLES 
$ 
DVPREL1,1, PSHELL, 1, 4, +DP1 
+DP1, 1, 1.0 
DVPREL1,2, PSHELL, 2, 41 +DP2 
+DP2, 2, 1.0 
DVPREL1, 3, PSHELL, 3, 4, +DP3 
+DP3, 3, 1.0 
DVPREL1, 4, PSHELL, 41 41 +DP4 
+DP4, 41 1.0 
DVPREL1,5, PSHELL, 5, 41 +DP5 
+DP5, 5, 1.0 
DVPREL1, 6, PSHELL, 6, 4, +DP6 
+DP6, 6, 1.0 
DVPREL1, 7, PSHELL, 7, 41 +DP7 
+DP7, 7, 1.0 
DVPREL1, 8, PSHELL, 8, 41 +DP8 
+DP8, 8, 1.0 
DVPREL1, 9, PSHELL, 9, 4, +DP9 
+DP9, 9, 1.0 
DVPREL1, 10, PSHELL, 101 41 +DP10 
+DP10, 101 1.0 
DVPREL1,11, PSHELL, 11, 41 +DPll 
+DP11, 11, 1.0 
DVPREL1,12, PSHELL, 12, 41 +DP12 
+DP12, 12, 1.0 
DVPREL1, 13, PSHELL, 131 41 +DP13 
+DP13, 13, 1.0 
DVPREL1,14, PSHELL, 14, 41 +DP14 
+DP14, 14, 1.0 
DVPREL1, 15, PSHELL, 15, 4, +DP15 
+DP15, 15, 1.0 
$ 
$ MERIDIONAL AND HOOP STRESS - CONSTRAINT LIMITATIONS 
DRESP1, 1, S11, STRESS, PSHELL, 3, 1 
DRESP1, 2, S12, STRESS, PSHELL, 4, 1 
DRESP1, 3, S13, STRESS, PSHELL, 11, 1 
DRESP1, 41 S14 STRESS, PSHELL, 12, 1 
DRESP1, 5, S21, STRESS, PSHELL, 3, 2 
DRESP1, 6, S22, STRESS, PSHELL, 41 2 
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DRESP1, 7, S23, STRESS, PSHELL, 11, 2 
DRESP1, 8, S24, STRESS, PSHELL, 12, 2 
DRESP1, 9, S31, STRESS, PSHELL, 3, 3 
DRESP1, 10, S32, STRESS, PSHELL, 4, 3 
DRESP1, 11, S33, STRESS, PSHELL, 11, 3 
DRESP1, 12, S34, STRESS, PSHELL, 12, 3 
DRESP1, 13, S41, STRESS, PSHELL, 3, 4 
DRESP1, 14, S42, STRESS, PSHELL, 4, 4 
DRESP1, 15, S43, STRESS, PSHELL, 11, 4 
DRESP1, 16, S44, STRESS, PSHELL, 12, 4 
DRESP1, 17, S51, STRESS, PSHELL, 3, 5 
DRESP1, 18, S52, STRESS, PSHELL, 4, 5 
DRESP1, 19, S53, STRESS, PSHELL, 11, 5 
DRESP1, 20, S54, STRESS, PSHELL, 12, 5 
DRESP1, 53, S141, STRESS, PSHELL, 3, 14 
DRESP1, 54, S142, STRESS, PSHELL, 4, 14 
DRESP1, 55, S143, STRESS, PSHELL, 11, 14 
DRESP1, 56, S144, STRESS, PSHELL, 12, 14 
DRESP1, 57, S151, STRESS, PSHELL, 3, 15 
DRESP1, 58, S152, STRESS, PSHELL, 4, 15 
DRESP1, 59, S153, STRESS, PSHELL, 11, 15 
DRESP1, 60, S154, STRESS, PSHELL, 12, 15 
$ 
$ DISPLACEMENT - CONSTRAINT LIMITATIONS 
$ - X Displacement Surface 14 
DRESP1, 101, D101x, DISP, , , 1, 42432 
DRESP1, 102, D102x, DISP, , , 1, 42433 
DRESP1, 103, D103x, DISP, , , 1, 42434 
DRESP1, 104, D104x, DISP, , , 1, 42435 
DRESP1, 105, D105x, DISP, , , 1, 42436 
DRESP1, 106, D106x, DISP, , , 1, 42437 
DRESP1, 107, D107x, DISP, , , 1, 42438 
DRESP1, 108, D108x, DISP, , , 1, 42439 
DRESP1, 109, D109x, DISP, , , 1, 42440 
DRESP1, 110, D110x, DISP, , , 1, 42441 
DRESP1, 111, D111x, DISP, , , 1, 42442 
DRESP1, 112, D112x, DISP, , , 1, 42443 
$ 
$ - X Displacement Surface 15 
DRESP1, 201, D201x, DISP, , , 1, 45045 
DRESP1, 202, D202x, DISP, , , 1, 45046 
DRESP1, 203, D203x, DISP, , , 1, 45047 
DRESP1, -204, D204x, DISP, , , 1, 45048 
DRESP1, 205, D205x, DISP, , , 1, 45049 
DRESP1, 206, D206x, DISP, , , 1, 45050 
DRESP1, 207, D207x, DISP, , , 1, 45051 
DRESP1, 208, D208x, DISP, , , 1, 45052 
DRESP1, 209, D209x, DISP, , , 1, 45053 
DRESP1, 210, D210x, DISP, , , 1, 45054 
DRESP1, 211, D211x, DISP, , , 1, 45055 
DRESP1, 212, D212x, DISP, , , 1, 45056 
$ 
$ + Y Displacement Surface 14 
DRESP1, 301, D301y, DISP, , , 2, 40560 
DRESP1, 302, D302y, DISP, , , 2, 40561 
DRESP1, 303, D303y, DISP, , , 2, 40562 
DRESP1, 304, D304y, DISP, , , 2, 40563 
DRESP1, 305, D305y, DISP, , , 2, 40564 
DRESP1, 306, D30 6y, DISP, , , 2, 40565 
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DRESP1 1 3071 D307y1 DISP 1 I I 21 40566 
DRESP1 1 3081 D308y1 DISP 1 I I 21 40567 
DRESP1 1 3091 D309y1 DISP 1 I I 21 40568 
DRESP1 1 3101 D310y 1 DISP 1 I I 21 40569 
DRESP1 1 3111 D3lly1 DISP 1 I I 21 40570 
DRESP1 1 3121 D312y1 DISP 1 I I 21 40571 
$ 
$ + Y Displacement Surface 15 
DRESP1 1 4011 D401y1 DISP 1 I I 21 43173 
DRESP1 1 4021 D4 02y 1 DISP I I I 21 43174 
DRESP1 1 4031 D4 03y 1 DISP 1 I I 21 43175 
DRESP1 1 4041 D404y1 DISP 1 I I 21 43176 
DRESP1 1 4051 D405y1 DISP 1 I I 21 43177 
DRESP1 1 4061 D406y1 DISP 1 I I 21 43178 
DRESP1 1 4071 D4 07y 1 DISP 1 I I 21 43179 
DRESP1 1 4081 D408y1 DISP 1 I I 21 43180 
DRESP1 1 4 091 D409y 1 DISP 1 I I 21 43181 
DRESP1 1 4101 D410y 1 DISP 1 I I 21 43182 
DRESP1 1 4111 D4lly1 DISP 1 I I 21 43183 
DRESP1 1 4121 D412y I DISP 1 I I 21 43184 
$ 
$ - Y Displacement Surface 14 
DRESP1 1 5011 D501y1 DISP 1 I I 21 42042 
DRESP1 1 5021 D502y1 DISP 1 I I 21 42043 
DRESP1 1 5031 D503y1 DISP 1 I I 21 42044 
DRESP1 1 5041 D504y1 DISP 1 I I 21 42045 
DRESP1 1 5051 D505y1 DISP 1 I I 21 42046 
DRESP1 1 5061 D506y1 DISP 1 I I 21 42047 
DRESP1 1 5071 D507y1 DISP 1 I I 21 42048 
DRESP1 1 5081 D508y1 DISP 1 I I 21 42049 
DRESP1 1 5091 D509y 1 DISP 1 I I 21 42050 
DRESP1 1 5101 D510y1 DISP 1 I I 21 42051 
DRESP1 1 5111 D51ly I DISP 1 I I 21 42052 
DRESP1 1 5121 D512y 1 DISP 1 I I 21 42053 
$ 
$ - Y Displacement Surface 15 
DRESP1 1 6011 D601y 1 DISP 1 I I 21 44655 
DRESP1 1 6021 D602y1 DISP 1 I I 21 44656 
DRESP1 1 6031 D603y1 DISP 1 I I 21 44657 
DRESP1 I 6041 D604y 1 DISP 1 I I 21 44658 
DRESP1 1 6051 D605y1 DISP 1 I I 21 44659 
DRESP1 1 6061 D606y1 DISP 1 I I 21 44660 
DRESP1 1 6071 D607y1 DISP 1 I I 21 44661 
DRESP1 1 6081 D608y1 DISP 1 I I 21 44662 
DRESP1 1 6091 D609y1 DISP 1 I I 21 44663 
DRESP1 1 6101 D610y1 DISP 1 I I 21 44664 
DRESP1 1 6111 D611y I DISP 1 I I 21 44665 
DRESP1 1 6121 D612y 1 DISP 1 I I 21 44666 
$ 
$ OBJECTIVE FUNCTION - WEIGHT MINIMISATION 
DRESP1 1 35001 WI WEIGHT 
$ 
DCONSTRI 4 0 I 11 -5. Oe6 1 1. 50e6 
DCONSTRI 4 0 I 21 -5. Oe6 1 1. 50e6 
DCONSTRI 4 0 I 31 -5. Oe6 1 1. 50e6 
DCONSTRI 4 0 I 41 -5.0e6 1 1. 50e6 
DCONSTRI 4 0 I 51 -5. Oe6 1 1. 50e6 
DCONSTR1 40 1 61 -5.0e6 1 1. 50e6 
DCONSTRI 4 0 I 71 -5.0e6 1 1.50e6 
DCONSTRI 4 0 I 81 -5. Oe6 1 1.50e6 
DCONSTRI 4 0 I 91 -5. Oe6 1 1. 50e6 
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DCONSTR1 4 01 101 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 111 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 121 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 131 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 141 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 151 -5. Oe6 1 1.50e6 
DCONSTR1 40 1 161 -5. Oe6 1 1. 50e6 
DCONSTR1 40 1 171 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 181 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 191 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 201 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 211 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 221 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 231 -5. Oe6 1 1.50e6 
DCONSTR1 40 1 241 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 251 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 261 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 271 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 281 -5. Oe6 1 1.50e6 
DCONSTR1 4 01 291 -5. Oe6 1 1.50e6 
DCONSTR1 40 1 301 -5. Oe6 1 1. 50e6 
$ 
$ 
DCONSTR140 1 1011 -.051 .05 
DCONSTR140 1 1021 -.051 .05 
DCONSTR140 1 1031 -.051 .05 
DCONSTR1 40 1 1041 -. 051 .05 
DCONSTR1 4 01 1051 -.051 .05 
DCONSTR1 4 01 1061 .051 .05 
DCONSTR1 40 1 1071 -.051 .05 
DCONSTR1 4 01 1081 -.051 .05 
DCONSTR1 4 01 1091 -.051 .05 
DCONSTR1 40 1 1101 -.051 .05 
DCONSTR1 4 01 1111 -.051 .05 
DCONSTR1 4 01 1121 -.051 .05 
$ 
DCONSTR140 1 2011 -.051 .05 
DCONSTR1 40 1 2021 -. 051 .05 
DCONSTR1 4 01 2031 -.051 .05 
DCONSTR1 4 01 2041 .051 .05 
DCONSTR140 1 2051 -.051 .05 
DCONSTR1 4 01 2061 -.051 .05 
DCONSTR140 1 2071 -.051 .05 
DCONSTR140 1 2081 -.051 .05 
DCONSTR140 1 2091 -.051 .05 
DCONSTR140 1 2101 -.051 .05 
DCONSTR140 1 2111 -.051 .05 
DCONSTR140 1 2121 -.051 .05 
$ 
DCONSTR1 4 01 3011 -.051 .05 
DCONSTR1 4 01 3021 -.051 .05 
DCONSTR1 40 1 3031 -.051 .05 
DCONSTR1 4 01 3041 -.051 .05 
DCONSTR140 1 3051 -.051 .05 
DCONSTR1 4 01 3061 -.051 .05 
DCONSTR1 4 01 3071 -.051 .05 
DCONSTR1 4 01 3081 -.051 .05 
DCONSTR1 4 01 3091 -.051 .05 
DCONSTR1 4 01 3101 -.051 .05 
DCONSTR1 4 01 3111 -.051 .05 
DCONSTR1 40 1 3121 -.051 .05 
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$ 
DCONSTR, 40, 401, -.05, .05 
DCONSTR, 4 0, 402, -.05, .05 
DCONSTR,40, 403, -.05, .05 
DCONSTR, 4 0, 404, -.05, .05 
DCONSTR,40, 405, .05, .05 
DCONSTR, 4 0, 406, -.05, .05 
DCONSTR, 4 0, 407, -.05, .05 
DCONSTR, 4 0, 408, -.05, .05 
DCONSTR,40, 4 09' -. 05, .05 
DCONSTR, 40, 410, -.05, .05 
DCONSTR, 4 0, 411' -.05, .05 
DCONSTR, 4 0, 412, -.05, .05 
$ 
DCONSTR, 4 0, 501, -.05, .05 
DCONSTR, 4 0, 502, -.05, .05 
DCONSTR, 40, 503, -.05, .05 
DCONSTR,40, 504, -.05, .05 
DCONSTR,40, 505, -. 05, .05 
DCONSTR,40, 506, -.05, .05 
DCONSTR, 40, 507, -.05, .05 
DCONSTR, 4 0, 508, -.05, .05 
DCONSTR, 4 0, 509, -.05, .05 
DCONSTR, 4 0, 510, -.05, .05 
DCONSTR, 4 0, 511, -.05, .05 
DCONSTR, 4 0, 512, -.05, .05 
$ 
DCONSTR, 4 0, 601, -.05, .05 
DCONSTR, 4 0, 602, .05, .05 
DCONSTR, 4 0, 603, -.05, .05 
DCONSTR,40, 604, -.05, .05 
DCONSTR, 4 0, 605, -.05, .05 
DCONSTR, 4 0, 606, -.05, .05 
DCONSTR, 40, 607, -.05, .05 
DCONSTR,40, 608, -.05, .05 
DCONSTR, 40, 609, -.05, .05 
DCONSTR, 40, 610, -. 05, .05 
DCONSTR,40, 611, -. 05, .05 
DCONSTR, 40, 612, -.05, .05 
$ 
$ 
$ OPTIMIZATION PARAMETERS 
DOPTPRM, DESMAX, 15, DELP, 0.5, DPMIN, . 01, DELX, 2. 0' 
+ 
+, DELE, 0. 01, CONV2, 0.1 
$ 
ENDDATA 
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